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1. Introduction to the problem



The Poincaré—Cartan form in field theories

Take a configuration bundle over X (representing spacetime),
together with its first jet bundle

S B8y T X
(Locally think of (x*,y’,y/,) = (x*,y') = (x*)).

A first order variational problem is now given by a Lagrangian
density £: Jtm — A"(T*X). The section solutions ¢: X — Y to
the Euler-Lagrange equations are characterized geometrically by
the Poincaré—Cartan form,
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as those sections ¢p: X — Y satisfying

—(j'¢)*1¢d®, =0, forall &€ X(J'7).



The algebra of conservation laws in field theories

Defining the pre-multisymplectic form Q, := —d©,, suppose that
we have a € Q" 1(J17) such that

da=1x,Qr, for some X, € X(J'n). (1)
Then we have that a defines a conservation law: (j1¢)*(da) =0,
for every solution ¢ of the Euler-Lagrange equations.
Given two (n — 1)-forms «, 3 € Q"~1(J 7) satisfying Eq. (1), we
have that their Poisson bracket
{a, B} = txoax, Qe
satisfies again Eq. (1).

This defines a Peissen algebra of conservation laws.



The graded nature of the bracket

However, we may generalize Eq. (1) (da = tx,Qz) to
a € Q(Jtn) and Xo € X"2(J ).

Arbitrary forms satisfying such equation will be called Hamiltonian
forms. Let us denote by Qf, the space of Hamiltonian a-forms.

Then, if a;, 8 are Hamiltonian, so is their Graded Poisson bracket:

{o, B} = (1) Pux ax, Q-

So we propose the question:
Q: What is the role of this graded algebra in classical field theory?

A: It has to do with general conservation laws and observables
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2. Graded Dirac structures



Properties of the bracket

If we set degy o := n — deg «v, then the Poisson bracket satisfies:

= |t is graded-skew-symmetric:

{a, 8} = —(~1)%enden P {3a}.
» [tis local: If da|x =0, {a,B}x =0
= [t satisfies graded Jacobi identity (up to an exact term):

(—1)deeadeerry B 4} + cyclic terms = exact form.

» |t satisfies Leibniz identity: For a=n—1, if
BAdy e QZJFC_I, then

{BAdy,a} = {B,a} Ady+ (=1)""*87dB A {y,a};

» [t is invariant by symmetries: If X € X(M) and £xa =0,
then txa € Q3,2 and {ixa, B} = (—1)%8P1x{a, B} 7



Graded Poisson brackets |

Let us study these brackets in general on a manifold M.

= Hamiltonian forms: « such that da € S2t1, for some choice
of subbundle $2t1 C A®*}(T*M). Denote by Q7, the space of
such a-forms.

= These subbundles should be (surjectively) related by

contractions:

Sn LTM Sn—l ttm, . tTM™ 51

(Think of S := L/\n+1—a(TM)Q£).

Definition
A Graded Poisson bracket is a bilinear map

{3} Q:‘?j’b*(nfl)

Q7 ® Qﬂ — satisfying all the previous properties.



Graded Poisson brackets Il

Is {-,-} characterized by a tensorial object?

The case where n =1 is true, such a bracket defines uniquely a
Dirac structure.

Theorem (de Leodn, I.L. 2025a)

Assume that S" is locally generated by forms of constant
coefficients. Let K1 C TM,..., K, C AN"(TM) denote the
annihilators of St C T*M, ..., S" C \"(T*M), respectively. Then,
there exists a unique family of maps

n+l—a
ta: S7 = N\ (TM)/Kpya1-a

such that {a, B} = (—1)""174€0,, 15 da.



Graded Dirac structures

Theorem (de Leén, I.L. 2025a (continued))
Furthermore, the maps i, satisfy:

= They are skew-symmetric:

Uy = (1) H=E) o

» They are integrable: The subbundles

n+l—a
Df = {(a, U) € §° DOwm /\ (TM) : ﬁa(a) =U+ Kn+1—a}
are involutive under the graded Dorfmann bracket.

The converse also holds.
Definition (Graded Dirac structure*)
A graded Dirac structure on M is a family of maps

f2: 57 — /\”+1_3(TM)/K,,+1,3 satisfying the properties above.
10



Pullbacks and pushforwards

The category of graded Dirac manifolds allows for pullbacks and
pushforwards to be defined. In particular, we have natural

examples:
» If (M,w) is pre-multisymplectic, M/G, when G is a Lie group
acting by symmetries, inherits a graded Dirac structure.
» If 7: Y — X is a configuration bundle:

L
ke, Graded Dirac Multisymplectic
m l pﬁb::m gpushforward
N Y/NY Graded Dirac

In general, it is not the pre-multisymplectic structure (but it is
related). It is better suited for the study of internal
symmetries and observables.

11



3. Dynamics on Graded Dirac
manifolds




Fibered graded Dirac manifolds

Let (M, S2,4,) be a graded Dirac manifold of degree n and suppose
that it is fibered over X (representing spacetime), 7: M — X.

Let us assume compatibility of the graded Dirac structure with the
fibration in the following sense:

= dimX = n.

= All 7-basic forms are contained in all $2 and 57 is comprised
of (a — 1)-horizontal forms.

= The #, maps take value in the vertical distribution of the

fibration.
We want to write equations for a section ¢: X — M as
Y (da) = (da+ {a, H}) o, for every  a € Qpt

However, degree considerations imply deg 7 = n and the bracket

is not defined for such forms. 12



Extensions of brackets |

This leads us to study extensions of graded Poisson brackets:

Theorem (de Leén, I.L. 2025b)
There exists a unique extension of {-,-}

Q@ Q1] — Q3]

for arbitrary a > O that satisfies the properties of {-,-}.
Now, the expression
YP*(da) = (da+{a,H}) o9, for every  a € Qpt

makes sense, for H € QF,[1] the Hamiltonian (a particular n-form
that makes the right hand side semi-basic).

However, we would like for it to be defined for arbitrary
Hamiltonian forms o € Q3.
13



Extensions of brackets |l

Current domain of definition:

ord P

lsebrn o

n— B TPOMUAS

How to extend it further?
14



Special Hamiltonian forms

Definition (Special Hamiltonian form)
A form a € Q(M) is called special Hamiltonian if

a/\EGQ"H_l,

for every closed and basic (n — 1 — a)-form «.
If ﬁ‘f_, is the space of special Hamiltonian forms, we have §~2?_, C Q3
and it defines a subalgebra.

Theorem (de Leén, I.L. 2025b)
For a € Qf,, and H a Hamiltonian, the expression {c, H} is well
defined and the following formula holds

¢* (do) = (da+{a, H}) o9,

for every »: X — M solving the equations defined by H.
15



Technical remarks

The construction was based on a generalization of the § mapping
associated to a graded Poisson bracket. In particular, we
generalized the techniques employed in

1. P. W. Michor. “A Generalization of Hamiltonian
Mechanics”. In: J. Geom. Phys. 2.2 (1985), pp. 67-82

2. J. Grabowski. “Z-Graded Extensions of Poisson
Brackets”. In: Rev. Math. Phys. 09.01 (1997), pp. 1-27

to extend the brackets.
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Properties of special Hamiltonian forms

Under integrability conditions on the PDE defined by H we have:

= An a-form « is special Hamiltonian if and only if it has well
defined evolution: There exists a semi-basic 3 € Q2+1(M)
such that

Y*(da) = Boy,
for every solution 1: X — M of the equations.

= If @ and 3 are semi-basic special Hamiltonian forms, a A 3 is
special Hamiltonian.

= |If « is special Hamiltonian, there exists a multivector field
Uy € X"72(M) such that

Important! — #,(daAe) = 1.Uy + Ky,

for every closed and basic (n — 1 — a)-form «.
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Relation with higher form symmetries

= For a special Hamiltonian, there is Uy:
tn(dane) = Uy + Ki.
= If 3 Q1 and X € X(M) are such that f,(da) = X + Ki,
we have that X defines a symmetry of the graded Dirac
structure.
Theorem (de Leodn, I.L. 2026)
If o« € Q2 has well defined evolution, there is a multivector field U,
such that .U, is a symmetry, for every closed and basic
(n—1—a)-form €. Or in other words, we have a symmetry
parametrized by closed forms on X, namely a

(n—1— a)-form symmetry.

18



The graded Dirac structure on J'7

Given a fibered graded Dirac manifold 7: M — X and a

Hamiltonian H:

= There is a subalgebra of special Hamiltonian forms §~2"’H C Q.

= This subalgebra is precisely comprised of forms with defined

evolution.

Now, if £ is a Lagrangian density, endowing J7 with the induced
graded Dirac structure by leg,,

= The Poincaré—Cartan form ©, is a Hamiltonian.

= The equations ¢*(da) = (da + {«,©}) 09 are precisely the
Euler-Lagrange equations.

19



= Q, induces the algebra of Conservation laws.

= By studying the properties of this (graded) bracket we arrive
naturally at graded Dirac geometry.
= When endowing J'7 with this structure, rather than the
induced by €2, we obtain:
= The Poincaré—Cartan form still plays an important role: It can
be thought of as the Hamiltonian, defining dynamics.
= The algebra of Hamiltonian forms extends the previous
algebra: it contains all forms with defined evolution.
= These forms are related to higher form symmetries in the
following way:

Defined evolution — Higher form symmetries of the geometry,

closed on solutions — Higher form symmetries of © .

20



Future (and ongoing) work

Noether Theorem?

= Relation with the infinite dimensional symplectic framework?

Relation to reduction, reconstruction?

= Relation to integrability?
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4. Relation with the symplectic
framework (work in progress)




The symplectic framework

Let m: Y — X be a fibre bundle and £: J*7 — A"(T*X) be a
Lagrangian density.

= [(7) is a Fréchet manifold.

= The space of solutions to the Euler—Lagrange equations
Sols C I'(m) can be endowed with a pre-symplectic form w.

In fact, from a space-time splitting X =R x ¥"!, the
pre-symplectic structure can be defined as

wlo (61.6) = [ (%) (1eviefe)

From this, we obtain a Poisson bracket on the space of admissible
functionals ¢35 (Sols, R).
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A different characterization of special Hamiltonian forms

Let a € Qf, be a Hamiltonian form (with respect to the Graded
Dirac structure). Let A be a compact oriented a-dimensional

manifold. Then, we have a natural map
b, €C(A, X) = €°°(Sols, R)
given by integration, for i: A— X, and ¢ € Sols:

@a(le] = [ (Moo i) a.

Theorem (de Leén, I.L. 2026)
The map ®,, takes values in the space of admissible functionals if

and only if a is special Hamiltonian.
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Relation among the brackets

What is the relation between the brackets?
Theorem (de Leén, I.L. 2026)
Let A and B(P) be compact embedded submanifolds of X and «,

B be special Hamiltonian a and b-forms, respectively. Suppose
that

= A=A1N---NAcdima, for certain submanifolds A, of spatial
codimension 1. Similarly, B = By N -+ - N Beodim B, for B, with
spatial codimension 1.

= Suppose that every pair of intersections Ay, N By, is a clean
intersection and A, N B, = AN B.

Then, the following formula holds:

Do, (ANB) = > {0a(As,), ©5(Bs,)}

01,02 27



Future (and ongoing) work

= Noether Theorem?
= Relation to reduction, reconstruction?

= Relation to integrability?
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