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Introduction



Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way. On the other hand, the theory of brackets in classical
field theory (via multisymplectic geometry) is (now!) well developed, and a lot of
techniques can been understood in this context: (lower) conservation laws, (higher
form) symmetries, the constraint algorihtm... All of this theory heavily employs the
graded nature of the bracket.

It is then natural to extend these brackets to dissipative fields. In the case of
mechanics, the brackets of dissipative systems (when modelled with contact
geometry) are naturally related to conformal symmetries, namely vector fields
satisfying .Zxn = gn.
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For a multicontact form © € Q"(M), conformal symmetries by vector fields are
evident. However, how about multivectors? Here we will:

Define and study graded brackets induced by an arbitrary n-form and relate
them to the Poisson brackets from multisymplectic geometry and the Jacobi
brackets in contact geometry,

Develop a multisymplectization procedure for the geometry induced by an
n-form,

Introduce an abstract framework to study multicontact field theories.
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Brackets induced by an n-form



Let © € Q"(M) be a smooth n-form on M.

For p < n, a multivector field X € XP(M) is an infinitesimal conformal
transformation of © if there exists a multivector field V € ¥P~1(M) such that

Zx0 = 1y0,
where £x© = dix® — (—1)Prx dO.
For a vector field X € X(M) the condition reads
0 =g-0,

for g € ¥°°(M). We recover the notion of an infinitesimal conformal symmetry.
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A conformal Hamiltonian form is an (n — p)-form a € Q"~P(M) such that
1x,© = —a,

for some infinitesimal conformal transformation X, € XP(M). We denote by
Q%(M, ©) the space of conformal Hamiltonian a-forms. If the form © is clear
from the context we will use QF (M).

Note that an (n — p)-form « is conformal Hamiltonian if and only if there exist
multivector fields X, € ¥P(M) and V,, € XP~' (M) such that

1x,© = —« and ix, d© = (=1)P*'(da + 1y, ©).
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The bracket

The form —¢(x, x,1© only depends on o and 3 and is also a conformal Hamil-

tonian form.

Definition

The graded Jacobi bracket (or Jacobi bracket) of two conformal Hamiltonian
forms a € QF(M), B € QY(M) is

{0, B} = —ipx x,1© = (=1)P9 (2, —11,) B.

ICMAT The Jacobi brackets of dissipative field theories 9/39



Let o € Q" P(M), g € Q" 9(M) and v € Q" "(M) be conformal Hamiltonian
forms. Then, the bracket of conformal Hamiltonian forms is graded skew-
symmetric, satisfies the graded Jacobi identity, and the weak Leibniz rule,
namely

{aaﬂ}_i( )P RiCh 1{Baa}

(71) p=1(r=1) {aa {557}} + (7 )(r 1)((]—1){77 {aaﬁ}} +

(=)@ Ne=D{8, {y,a}} =0,

supp{c, B} C suppaNsupp 3.
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Cup product of conformal Hamiltonian forms

It turns out that infinitesimal conformal transformations are closed under exterior
products. This motivates the following definition.

Definition

The cup product of conformal Hamiltonian forms is defined as

aV = —ix,nx,©.

Corollary (Graded Leibniz rule)

Given a € Q7 P(M), 8 € Q] (M) and v € Q;"(M), then

{a, BV} ={a, B} Vy+ (=198 v {a,7} .
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Observe that this endows the set of conformal Hamiltonian forms with a structure of
a Gerstenhaber algebra, and the map

X = —Lxe

is a Gerstenhaber algebra homomorphism between infinitesimal conformal
transformations and conformal Hamiltonian forms.

It is worth noting that, in the case where © = n defines a contact
form on M, the cup product f v g of two functions vanishes. Thus, we only have
the weak Leibniz rule in the contact case.
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Multicontact structures and
multisymplectization



The contact—symplectic equivalence

Definition 1

A multisymplectic form is a form Q € Q"'(M) which is closed and non-
degenerate.

There is a well-known category equivalence:
{Contact manifolds} = {Homogeneous symplectic manifolds} .

In this part we look for a similar equivalence in order to motivate what we will call
multicontact structures, namely we look for an equivalence

{Multicontact manifolds} = {Homogeneous multisymplectic manifolds} .
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An homogeneous (pre-)multisymplectic manifold is a pair (I\7I, T), where
T € Q"(M) is such that

Q = —dT is a (pre-)multisymplectic form on M, and

JA € X(M), called a Liouville vector field satisfying cnQ = —T.

A homogeneous symplectic structure is just an exact symplectic
structure w = — dv, since there always exists A such that ipw = —v.

However, this does not hold in multisymplectic geometry since we cannot
guarantee the existence of a vector field A satisfying .nQQ = —7.
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(Pre-)multisymplectization

The canonical (pre-)multisymplectization of (M, ©) is the homogeneous

multisymplectic manifold M= M x Ry, withQ = —d(z®©). Here, A = z%
and ¢ = z.

Theorem

For every infinitesimal conformal transformation X € XP(M) of ©, there exists
a unique-up-to-ker, Q multivector field X € XP(M) such that

Z(20)=0 and T.X=X.

,
-
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On a pre-multisymplectic manifold, there is a graded Poisson bracket, defined on
the space of pre-multisymplectic Hamiltonian forms:

QA(M, Q) = {a € QL(M): da = 1x,Q}.
Then, there is a well defined bracket:
Q4(M, Q) ® Q%(M, Q) — Q3D (M Q)

{o, BYp = tx,nx; 2
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Let © be a nowhere vanishing n-form on M and let 7: M — M, with
(M, —d(z©)), be the canonical (pre-)multisymplectization of (M, ®©) Then,

the map N
v: QP(Me) — QL P(M,Q=-dT)
« — (—1)p+1z'7'*oz

is well defined and, for every a € Q/,P(M,©) and 8 € Q) 9(M, ©) it satisfies

{V(a), ¥(B)tp =V({a, 8}) + (=1)7dV¥(aVp).

exact term
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Multicontact manifolds

Proposition

If kery d© # {0}, then (M x R,,Q = —d(z©)) is a non-degenerate homoge-
neous multisymplectic manifold if and only if
kery © Nkery d© = {0} .

Definition

A multicontact manifold is a pair (M, ©) such that

keri © Nkery d© = {0} and ker; d© # {0} .

Condition kery d© # {0} ensures that the canonical pre-multisymplectization of a
multicontact manifold (M, ©) is non-degenerate.
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Letn € Q'(M) such that
kery n N kery dn = {0} and kery dn # {0} .
M is odd-dimensional since dim kery 7 = dim M — 1 and codim kerq dn is even
dimensional. The conditions above guarantee that
b: TM — ™M
v  — wdn+n(v)-n
defines a vector bundle isomorphism, and thus n defines a contact form.

Note that a multicontact n-form © is necessarily nonvanishing: if
O©|p = 0, then kery ©|p = Tp M which would yield {0} = kery ©|p Nkery dO|p =
kery dO|p # {0}, contradiction.
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Multicontact field equations



Under certain suitable conditions, there exists a multivector field R € X"(M), the
Reeb multivector field. Now, given a hamiltonian h € Q"(M), we can define the
Hamilton—-de Donder—Weyl equations for a map ¢: X — M, where X is and
n-dimensional manifold, as

P (©+h)=0 and Pre(d+opN)(© 4+ h) =0, Ve X(M).
Here, on = 1z dhis the dissipation 1-form.
These equations generalize the equations found in the literature of

multicontact systems. Indeed, denoting by ©, = © + h the equations now read

as
YO =0 and @Z)*Lga@h =0, Ve X(M)

where d = d + opA.
Later, we will see a local computation in the case of fiber bundles : Y — X.
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Let (M, n) be contact and H € ¥>°(M). We define a homogeneous Hamiltonian
on its canonical symplectization (M .= M x R, —d(zn)) as H(p, z) := zH(p).
The symplectic Hamiltonian vector field X;; € 36(/\7) is T-related with the contact
Hamiltonian vector field Xy € X(M).

Let (I\7I, Q) be a multisymplectic manifold and h e Q”(M) be an arbitrary
form (which we refer to as the Hamiltonian). Then, a map J: X — M from
an n-dimensional manifold X to M, is said to satisfy the multisymplectic
Hamilton-De Donder-Weyl equations if

e (Q-h) =0, vee (i),
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Let (M, ©) be variational multicontact and let (I\~4, Q) denote its canonical mul-
tisymplectization. Given a good Hamiltonian h € ©2"(M), define the associated
homogeneous Hamiltonian as h(p, z) := zr*h(p). Under technical conditions:

Solutions to the homogeneous HADW equations project onto solutions to
the multicontact HADW equations.

Solutions to the multicontact HdADW equations can lifted to solutions to
the homogenous HADW equations provided that the dissipation form is
exact over the solutions.

There is a correspondence between the evolution of observables: for
a € Q3 (M) conformal Hamiltonian, defining a(p, z) := z7*a(p), we have

$*(da) = (9°2) - §" (on A a+da) .
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Dissipative field theories



Let’s apply all these constructions to the case of dissipative field theories.

Let 7: Y — X be a fiber bundle. The extended phase space of action dependent
field theories is defined as

M=NYaN X,

where A5 Y denotes the bundle of 2-horizontal n-forms on Y and A"~' X denotes
the bundle of (n — 1)-forms on X.

We can find a canonical multicontact form on M given by
©=doy'-of,
where ©7 and ©%~' denote the canonical Liouville forms on A3 Y and A"~ X.
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Let (x*, y') denote fibered coordinates on 7: Y — X, and let (x*, y', p, P!, s*)
denote the coordinates on M. Any element in A\J Y (resp. in A" X) reads

pd" +pldy' Ad"x,  (resp.s"d"'x,),

where d"x = dx' A - Adx"and A" 1x, = i o dx.
The canonical multlcontact form and its exterlor differential read

0 = ds*Ad™ 'x,—pd"x—p' dy'Ad" 'x,,  dO© = —dpAd"x—dpi'Ady'Ad" "X, .

And finally, their kernels are

/o .0 B [0
ker1 0= <ay’_pl (‘93.‘L’8p7> and ker1 de = <8S:U‘> s

which implies that © defines a multicontact structure.
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As discussed before, the best behaved conformal Hamiltonian forms are the ones
whose infinitesimal conformal transformation lies in (Imbg)>.

For n > 1, vertical infinitesimal conformal transformations read

oG¥\ 9 oagt o
_ “ Lt — =
oF agu 0 oF oG+ 0
” "
! <8y’ "oyl +Fp’> op " (WS " ox +Fp> 22
L (6%
where F is independent of s, p and p/', and G* satisfies aalcjy =0y gg :
i )
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Vertical infinitesimal conformal transformations

Corollary

A Hamiltonian form a € QZ_1 (M) with vertical infinitesimal conformal transfor-
mation has the following local expression:

a=(—Fst — G d"x,

(L {64
where F = F(x,y), and G* satisfies 6GV =4 6Ga .
op; op;
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Elementary examples of conformal Hamiltonian forms

Infinitesimal conformal transformation Conformal factor

std"1x, —3“8%“ —pﬁ% —pai —1
yi d”_1Xu —y’% — % 0
Pl d"x, 3%,/ 0

dn=x, _% 0
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Jacobi brackets of the elementary examples
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Now, our goal is to write the evolution of the previous Hamiltonian forms with a fixed
Hamiltonian (and hence fixed dynamics) using the studied geometry.

Intrinsically, a Hamiltonian is given by a Hamiltonian section
h: NSY/NIYEANT' X —M=N Yo A" X,

which then induces a multicontact structure on A5 Y/ A7 Y & A" X using
©p = h*e.

As stated before, we prefer to work with the canonical multicontact structure on M

and think the Hamiltonian as h = 7*©;, — ©, where 7: M — AsY/NIYa N ' X
denotes the projection, hence fixing the geometry.
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The canonical coordinates on A5 Y/ A Y @ A" X are (x*,y', pl', si) and, hence,
the local expression of the Hamiltonian section will be p = —H(x*,y', p*, s*"), so
that ‘

Op =ds" Ad"'x, + Hd"x — p'dy’ Ad" " x,,

and

h=(p+H)d"x.

This implies that his a good Hamiltonian, so that it could define the following
dynamics for some ¢: X — M:

v (O©+h)=0 and P e(d+opN)(© +h) =0, Ve X(M),
OH . . o
where op = Doi dx* is the associated dissipation 1-form.
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The local expression of the multicontact HADW equations is

P*(dst Ad"™x,) = ¥* ((p;f ML ~ H> d”x> ,
op;

* [ _ * aH
oy nd ) = v (G )
« _ N oH OH
et ra )= (= (G gort) )

In particular, if we look for sections v: X — M, we obtain the so-called multicontact
Hamilton—de Donder—Weyl equations for dissipated field theories:

dy'  OH 8p,4‘7_ OH OH _,
Toxe o oplt oxt '

os"  , 0H

axi ~ Prggr — 1

oy’ osPi
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Conclusions



In this talk, we have:

Defined and study brackets induced by an arbitrary n-form and related them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry.

Developed a multisymplectization procedure for the geometry induced by an
n-form.

Introduced an abstract framework to study multicontact field theories.

For further work, we aim to understand the relationship of the brackets to dissipated
quantitities and the dynamics.
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