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Introduction and m

e

I'he geometric formulation of classical field theo-
ries uses multisymplectic geometry. Indeed,
given a first-order Lagrangian density on a fiber

bundle m: E — M,

L:J'r — /n\T*M,

one can build the Poincaré—Cartan form
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The associated multisymplectic form, ), =
—dO®,, encodes the full geometric information
of the theory. In particular, it determines
conserved quantities and their Poisson bracket.
This bracket admits a natural graded general-
ization 1|, but the role of this graded structure
in the theory has not been tully explored. Clar-
ifying this relation has been the main objective
of our work [2].

The graded Poisson

Let (P,Q), with Q € Q"1(P) closed, be a pre-
multisymplectic manifold. A differential form

a € Q%P) is called Hamiltonian if da =
Lx. €2, for some multivector field X, € X"~ %(P),
which we call Hamiltonian. Let Q% (P) denote
the space of Hamiltonian forms. The graded
Poisson bracket is defined as

0% (P) ® Q4 (P) — Q5D (p),

{Oz, ﬁ} — (—1)n_1_bLXa/\XBQ :
This bracket satisfies:

(i) It is graded, graded-skew-symmetric and
satisfies a graded Jacobi identity (up to an
exact term):

() o, (89

+ cyclic terms = exact term

(ii) It satisfies a graded Leibniz identity: For
a € Q%1 (P), we have

{5‘7 A dy; , O} = {Bja af A d’Yj
+ (=1)% 1 dp? A {yj.al.

(iii) It is envariant by symmetries: If X &
X(P) and £xa =0, then

{itxa, B} = (—1)”_1_bax{a, B},

Graded Dirac manil

The natural abstract context is that of graded
Dirac manifolds [3|, which are manifolds P
together with a sequence of subbundles S! C
™*P,..., 8" C N'T*P, and a bracket {-,-}
defined on the space of Hamiltonian forms

Q4 i={a e Q" (P): da € S}

satistying all the above properties. It still makes
sense to talk about the Hamiltonian multivector
field associated to a Hamiltonian form, the one

such that {o, 8} = (—=1)"17bux _dS.
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Let P be a graded Dirac manifold, fibered over a spacetime M, 7: P — M. Let us assume that the
eraded Dirac structure is compatible with the fibration, meaning:

(i) The subbundles S® consist of 1-vertical forms. In particular, Hamiltonian forms can be taken

to be semibasic.

(ii) Basic forms e € Q2¢(M) are Hamiltonian and in the center of {-, -}, namely {e,a} = 0, for every

o Hamiltonian.

Then, we can define dynamics in an abstract context employing the following result:

Theorem 1 (de Leoén, I.L.). Under the above conditions, there exists a family of forms Q% (P)[1]
and an extension QO (P)®Q% H(P)[1] — Q% ' (P)[1] extending the properties of {-,-}, where 1 < a

18 now unbounded.
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A

Extended brackets

> deg o
Trivially zero

However, there is no canonical extension of the
bracket in Q7. (P) ® Q% (P)[1] for j < n — 1. Nev-
ertheless, it may be fixed by introducing dynamics.
For a Hamiltonian H € Q7% (P)|1], we can define
dynamics for a section ¥: M — P by the equa-
tions

P (da) = (da + 1o, Hi) oy, (1)

for every a € Q% '(P). There is a subclass of
Hamiltonian forms independent of H that we call

special Hamiltonian Q% (P) C Q% (P) such that
{a, H} is well-defined, for every a € Q.

Theorem 2 (de Leon, I.L.). A form a € Q*(P) is
spectal Hamiltonian if and only if aNe € Q%‘l (P),

for every closed and basic form e € Q"= 1=2(M).

In fact, for a special Hamiltonian form a € Q?{(P), we have that for every solution of the equations

defined by Eq. (1) ¥»: M — P, it holds that ¢¥*(da) = (da + {a, H}) o .

Theorem 3 (de Leoén, 1.L.). For every special Hamiltonian form o &€ QC}J(P), there 15 a multivector
field U, € X"~ %(P) (the associated special Hamiltonian multivector field) such that 1.U, is a
Hamiltonian vector field for o N e, for every closed and basic form e € Q"= 1=%(M).

The previous result implies that the associated multivector field may be thought of as a symmetry
of the the Graded Dirac structure parametrized by closed forms, a higher form symmetry. The
Hamiltonian form will be conserved (closed) if this symmetry is also a symmetry of H.

Theorem 4 (de Leén, 1.L.). Special Hamiltonian forms close a subalgebra under the graded Poisson
bracket. Furthermore, for a fixed Hamiltonian, closed forms on solutions also close a subalgebra.

Electromagnetism

Let us study Electromagnetism on a Lorentzian
manifold (M, g) with sources. The Lagrangian
1S:

1 1 n
L = <_ZFM FMV—l—AMJM)d £z .

Here (A,,z") denote fibered coordinates on
™M — M, F,, =0,A,—0,A, denotes the ex-
terior derivative of A = A, dz* and J# denotes
the electric current. The graded Dirac structure
in this case is generated by:

(i) All basic forms.

(i) A,d"tx, — A,d" 1z,

(i) Frednlg,.

Proposition 1. The algebra of special Hamal-
tonian forms are generated by basic forms, the

vector potential A, and the electric charge *F,
where F = dA..

For these generators, the graded Poisson bracket
reads as {*F, A} = n. Their multivectors repre-
sent the electric and magnetic higher form sym-
metries, respectively.

Conclusions and Re

In this work we found an algebra of spe-
cial Hamiltonian forms associated to any La-
grangian, representing forms with well defined
evolution.  Furthermore, when restricted, it
gives an algebra of (graded) conservation laws.
The associated multivector fields may then be
thought of as symmetries parametrized by closed
forms. In the first case, symmetries of the ge-
ometry. In the second, symmetries of the La-
grangian.
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