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Poisson brackets play a fundamental role both in mechanics and in classical field theories.
In this paper, we develop a theory of extensions of graded Poisson brackets in graded

Dirac manifolds. We then show how these extensions can be used to obtain the field

equations of a particular theory as well as the evolution of forms of arbitrary degree,
in a similar way that ordinary Poisson brackets provide in mechanics. To illustrate the

theory, we apply the results to the study of regular Lagrangians and Yang–Mills theories.
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1. Introduction

The finite-dimensional geometric setting for studying classical field theories is mul-

tisymplectic geometry, as has been established since the 1970s [25, 28, 37], just as

symplectic geometry allowed the important developments of Hamiltonian dynam-

ics. However, unlike in symplectic mechanics, in classical field theories we deal

with differential forms of degree greater than 2, which is very difficult to study

∗Corresponding author.
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(for instance, forms of higher degree lack a Darboux theorem, see [33,44] for recent

surveys on the matter). In particular, this allows us to introduce a graded Poisson

bracket.

As far as we know, these brackets were first defined in [11], just as a continuation

of the study of abstract multisymplectic manifolds carried in [12]. An important

property of these brackets, already discussed in the work by Cantrijn, Ibort and

de León, is that it induces a graded Lie algebra structure on ΩH(M)/dΩ(M), the

space of Hamiltonian forms modulo exact forms. The study of these brackets is far

from being finished; indeed, a lot of recent research has been devoted to understand

its interplay with field equations [2, 14, 27, 35, 36]. Up to now, this study is usually

developed for particular cases, without identifying the essential properties of these

brackets (as is usually done in Poisson geometry, for instance). Hence, it is an

important issue to identity the defining properties of the brackets, which would

allow for a generalization that should encode all constructions possible (as Poisson

geometry does for Poisson brackets, for instance).

One possible approach for this generalization is that of L∞-algebras. In [1],

carrying a careful study of the exact terms present in the Jacobiator, Baez, Hoffnung

and Rogers identifies that for the case of a multisymplectic manifold of order 2 (the

case where the form has degree 3), the graded Poisson bracket induces what is known

as a Lie-2-algebra. This result was later generalized to arbitrary multisymplectic

manifolds in [42], proving that the graded Poisson bracket defines an L∞-algebra.

However, in order to obtain this structure, one must particularize the bracket at the

highest degree of forms, only studying the Jacobiator when the forms have degree

n−1, where n+1 is the degree of the multisymplectic form. A more complete study

is developed in [20], where the defect of the Jacobi identity is studied for forms of

arbitrary degree. However, L∞ algebras lack a Leibniz identity, a property which

is fundamental in classical mechanics and classical field theory.

In this vein, we recently study graded Poisson brackets on their own [18], defin-

ing a graded Poisson bracket as a graded-skew-symmetric bracket on a suitable

subfamily of differential forms, called Hamiltonian. This bracket is required to sat-

isfy a graded Jacobi identity up to an exact term, and two extra properties relating

the bracket to exterior products and contractions (representing a graded version

for the Leibniz identity, and invariance by symmetries, respectively). The first two

properties recover the usual L∞ algebra, and taking into consideration the last two

has an important implication: the bracket is completely determined by a tensorial

object. A manifold equipped with this object is called a graded Dirac manifold (or

graded Poisson manifold, depending on the existence of geometric gauge as defined

in [26, 31]). In this paper, we continue the investigation of these structures and, in

particular, a definition of dynamics in terms of these brackets is given.

Some preliminary results in this direction can be found, for instance, in the works

by Kanatchikov [35,36], where the Poisson brackets are used to define dynamics and

study evolution of observables. Nevertheless, the brackets defined depend heavily

upon the choice of coordinates. A more intrinsic version, based upon the choice of
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a connection, can be found in the work by Berbel and Castrillón [2], where they

employ the definition of dynamics to reduce the system. In all of these works, not

only the brackets presented depend upon choices, but also the Hamiltonian.

More recently, in [27], Gay-Balmaz et al. developed a bracket description of the

dynamics which is independent of these choices. In the multisymplectic description

of field theories, fields are interpreted as sections of a bundle Y → X, called the

configuration bundle, where X is the base manifold, usually representing spacetime.

In this setting, the Hamiltonian is interpreted as another section of a particular line

bundle (see [13]):

h :

n∧
2

Y
/ n∧

1

Y →
n∧
2

Y.

The bracket that the authors introduce is of the form {α, h}, where α is a Hamil-

tonian (n − 1)-form and it yields a semi-basic n-form over the base manifold X.

This bracket is defined so that it computes the evolution of (n− 1)-forms, in fact,

a section ψ : X →
∧n

2 Y
/∧n

1 Y will be solution of the Hamilton–De Donder–Weyl

equations determined by h if and only if it satisfies

ψ∗(dα) = {α, h} ◦ ψ, ∀α ∈ Ωn−1
H

(
n∧
2

Y
/ n∧

1

Y

)
.

Linearity of this bracket is replaced by it being affine (as the space of Hamiltonians is

affine), and the Jacobi identity is substituted by it defining an affine representation.

The introduction of the previous operation raises some important questions:

(i) The fact that the Hamiltonians are defined as sections of a certain bundle

presents some technical difficulties. The first one is how can one approach

reduction by symmetries using such Hamiltonians. Would the reduced Hamil-

tonian be a different section of a different line bundle?

(ii) It is the case that the usual Poisson bracket of Hamiltonian (n − 1)-forms

recovers the classical Poisson bracket of the (infinite) dimensional instanta-

neous formalism via integration against a space-like slicing (see [3, 17]). How

does this correspondence translate with the previous extension of the bracket?

(iii) In mechanics, the study of constraints, reduction, and quantization of a given

system has benefited greatly from the introduction of abstract Poisson struc-

tures, as they make it possible to identify the key properties of the bracket that

enable these procedures. It is therefore natural to ask: can one define a bracket

that determines the dynamics of a classical field theory in a more general and

flexible setting?

Although these are questions that one may in principle be able to answer in terms

of the Hamiltonian section, we find that these are more naturally approached if the

Hamiltonian is thought of as an n-form. Indeed, there is a one-to-one correspondence

between sections of the previous line bundle and the family of n-forms Θh = h∗Θ,

where Θ is the multisymplectic potential (also called the Liouville form) on
∧n

2 Y .
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Thus, if one identifies the Hamiltonian with the previous n-form H := Θh the

bracket reads as {α,H}, where now every object is a suitable differential form on∧n
2 Y
/∧n

1 Y .

The first and main objective of this paper is to carry this interpretation to

general graded Dirac manifolds, so that both the Hamiltonian and the observables

are in equal footing, that is, interpreted as the same kind of object (differential

forms of possibly different degree). The usual graded Poisson bracket is defined for

Hamiltonian forms of degree between 0 and n − 1, so we focus on extending this

bracket to arbitrary degree, maintaining as much properties as possible. As a result,

we obtain a family of possible extensions (dependent on a choice of extensions of

the ]-morphisms) and we shall obtain a bracket

Ωa−1
H (M)⊗ Ωb−1

H (M)→ Ωa+b−(n+1)(M),

where a and b are no longer confined to 1 ≤ a, b ≤ n. The restriction of this bracket

to the usual Hamiltonian forms and a particular subclass of Hamiltonian n-forms

will yield the usual equations of motion as above.

Regarding the mathematical construction, extensions of Poisson brackets have

been studied in symplectic geometry in [41] by Michor and in general Poisson geom-

etry in [32] by Grabowski. It should be noted that the bracket defined in the second

cited paper is a modification of the brackets treated in the first. This modification

is performed in order to obtain a Jacobi identity (not up to an exact term). We find

more suitable for our purposes to generalize the one introduced by Michor, since it

is of first order. Nevertheless, both constructions are built upon a generalization of

the ] mapping, and we follow this strategy closely.

When the extensions of the brackets are finished, we use them to study the field

equations and evolution of forms of arbitrary degree, an aspect which was missing

in previous versions of the literature. In particular, we would like to highlight the

following results:

(i) In Theorem 3.2.2, we build a first extension of the brackets and prove that

it still satisfies the main properties of the original one. Afterwards, we give

sufficient conditions on the chosen extension of the ] mapping for the final

extension of the brackets to satisfy the same properties in Theorem 3.3.1.

(ii) In Theorem 4.1.1, we prove that for a given extension of the brackets, the

Poisson bracket of a Hamiltonian form α ∈ ΩaH(M) against the Hamiltonian

H ∈ ΩnH(M)[n] (see Definition 4.1.2) yields a possible evolution of α, in the

sense that there is an Ehresmann connection h that solves the equations deter-

mined by H (equations that do not depend on the extension) and such that

h∗(dα) = dα+ {α,H}.
(iii) In Theorem 4.1.2, we prove that there is a one-to-one correspondence between

all possible extensions of the brackets to Hamiltonians compatible with the

fibered structure and affine maps γ : {Hamiltonians} → {connections} such

that γ(H) solves the equations determined by H.
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(iv) In Theorem 4.2.2, we identify a subfamily of forms, that does not depend on the

choice of Hamiltonian, which we call special Hamiltonian forms, whose evolu-

tion is defined for any solution of the Hamilton–De Donder–Weyl equations. In

particular, the bracket against H does not depend on the choice of extension,

making them candidates for being conserved quantities, namely closed forms

on solutions (such forms have gained interest in theoretical physics recently,

see [29], for instance).

(v) Finally, this subfamily is proved to be a subalgebra under the Poisson bracket

in Theorem 4.2.3.

The paper is structured as follows. Section 2 is devoted to study graded Dirac

structures on fibered manifolds, and how these structures restrict to submanifolds

and quotient manifolds. In Sec. 3, we develop the main ingredients of our study,

the possibility of extending the natural brackets on forms to any arbitrary degree.

So, in Sec. 4 we can apply the results in the previous section to discuss dynamics

on graded Dirac structures on fibered manifolds. In Sec. 5, we show how our theory

can be used to study classical field theories by providing two examples: regular

Lagrangians and Yang–Mills theories. Finally, Sec. 6 is devoted to summarize the

main conclusions and indicate some further work.

Notation and Conventions

We will use these notations and conventions throughout the paper; to facilitate

the reading, they are collected here. Furthermore, we indicate where the reader may

find the definition of the more technical notation.

(1) All manifolds are assumed C∞-smooth and finite dimensional.

(2) Einstein’s summation convention is assumed throughout the text, unless stated

otherwise.

(3)
∨
pM denotes the vector bundle of p-vectors on M ,

∧p
TM.

(4) Xp(M) = Γ
(∨

pM
)

denotes the space of all multivector fields of degree p.

(5) [·, ·] denotes the Schouten-Nijenhuis bracket on multivector fields. We use the

sign conventions of [40].

(6)
∧a

M denotes the vector bundle of a-forms on M ,
∧a

T ∗M.

(7) Ωa(M) = Γ
(∧a

M
)

denotes the space of all a-forms on M .

(8) Given a vector space V , 1j denotes the identity on
∧j

V ∗ ⊗
∧j

V .

(9) When dealing with multivector fields and differential forms using coordinates,

we employ the alternate Kronecker delta notation:

δµ1,...,µp
ν1,...,νp =

(−1)σ if σ(µ1) . . . σ(µp) = ν1 . . . νp, for some permutation σ,

0 otherwise.

Furthermore, we employ the multi-index notation, which we will denote as

µ̃ = µ1, . . . , µp. When multi-indices repeat as super-index and sub-index, sum-

mation is assumed for ordered multi-index. For instance, daxµ̃⊗ ∂a

∂axµ̃
denotes

2650243-5
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the identity 1a ∈
∧a

M ⊗
∨
aM , rather than 1

a!d
axµ̃ ⊗ ∂a

∂axµ̃
, which would be

if summation was assumed for all multi-indices.

(10) £Uα = dιUα − (−1)pιU dα, for U ∈ Xp(M), α ∈ Ωa(M) denotes the Lie

derivative along multivector fields. For a proof of its main properties, we refer

to [23].

(11) For a subbundle K ⊆
∨
pM, and for a ≥ p, we denote by

K◦,a =

{
α ∈

a∧
M : ιKα = 0

}
the annihilator of degree a of K.

(12) Similarly, for a subbundle S ⊆
∧a

M, and a ≥ p we denote by

S◦,p =

{
U ∈

∨
p

M : ιUS = 0

}
the annihilator of degree p of S.

(13) For a subbundle S ⊆ T ∗M , we write S∧a :=
∧a

S ⊆
∧a

M .

(14) Sa[j] is defined in Eq. (6).

(15) Ωa−1
H (M)[j] is defined in Eq. (8).

(16) {·, ·}]̃n is defined in Eq. (10).

2. Graded Dirac Structures on Fibered Manifolds

In this section, we recall the basic definitions and constructions on graded Dirac

manifolds (which can be found in [7,18,50], for instance). Furthermore, we develop

the theory of pullback and pushforwards of these structures which, to our knowl-

edge, was missing in the literature. Lastly, we study all these concepts in the case

where a graded Dirac structure on a manifold M is compatible with a fibered

structure τ : M → X, which is the setting that we will use to define dynamics.

2.1. Graded Dirac structures

Let M be a smooth manifold and suppose that we have a vector subbundle Sn of∧n
M , the bundle of n-forms over M ,

Sn
∧n

M

M

,

such that the subsequent contractions of Sn by TM ,

Sn−1 := ιTMS
n, Sn−2 := ιTMS

n−1, . . . , S1 := ιTMS
2.

define vector subbundles of
∧n−1

M,
∧n−2

M, . . . ,T∗M, respectively. Here we are

making a slight abuse of notation denoting

ιTMS
n = 〈ιuα : u ∈ TM,α ∈ Sn〉, ιTMS

n−1 = 〈ιuα : u ∈ TM,α ∈ Sn−1〉, . . .

2650243-6
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Definition 2.1.1 (Hamiltonian form). Let U be an open subset ofM . A Hamil-

tonian form of degree a−1 on U , 1 ≤ a ≤ n with respect to the sequence S1, . . . , Sn

determined by Sn is a differential form α ∈ Ωa−1(M) such that dα takes values

in Sa. The space of Hamiltonian forms is denoted as Ωa−1
H (U , Sn). If there is no

ambiguity, we will just write Ωa−1
H (U) instead of Ωa−1

H (U , Sn).

Let α be a differential form of arbitrary degree. Define

degH α := (n− 1)− degα.

We now define our main object of study (see [18] for further details):

Definition 2.1.2 (Graded Poisson bracket). A graded Poisson bracket of order

n on M is a bilinear bracket defined for every open subset U of M ,

Ωa−1
H (U)⊗ Ωb−1

H (U)
{·,·}U−−−−→ Ω

a+b−(n+1)
H (U)

for 1 ≤ a, b ≤ n that satisfies the following properties. For every α ∈ Ωa−1
H (U), β ∈

Ωb−1
H (U) and γ ∈ Ωc−1

H (U) we have

(i) It is graded:

degH{α, β}U = degH α+ degH β;

(ii) It is graded-skew-symmetric:

{α, β}U = −(−1)degH α degH β{β, α}U ;

(iii) It is local: If dα |x = 0, then ({α, β}U )|x = 0;

(iv) It satisfies a graded Leibniz identity: Let βj ∈ Ωb−1
H (U), γj ∈ Ωc−1

H (U). If βj ∧
dγj ∈ Ωb+c−1

H (U), then we have

{βj ∧ dγj , α}U = {βj , α}U ∧ dγj + (−1)n−degH βj dβj ∧ {γj , α}U ;

for α ∈ Ωn−1
H (U);

(v) It is invariant by symmetries: If X ∈ X(U) and £Xα = 0, then ιXα ∈ Ωa−1
H (U)

and

{ιXα, β}U = (−1)degH βιX{α, β}U ;

(vi) It satisfies the graded Jacobi identity (up to an exact term):

(−1)degH α degH γ{{α, β}U , γ}U + (−1)degH β degH α{{β, γ}U , α}U

+ (−1)degH γ degH β{{γ, α}U , β}U = exact form.

Finally, it satisfies the compatibility condition, namely for V ⊆ U open, the

bracket on V, {·, ·}V , is the restriction of the bracket on U , {·, ·}U .

Remark 2.1.1. With the usual grading of differential forms, a graded Poisson

bracket of order n can be also understood as a bracket of degree (1− n), in such a

way that it is graded once the degrees are modified appropriately.
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Remark 2.1.2. The last condition implies that we have a well-defined global

bracket

Ωa−1
H (M)⊗ Ωb−1

H (M)
{·,·}−−−→ Ω

a+b−(n+1)
H (M)

and, making some abuse of notation, we will denote {·, ·}U = {·, ·}. Let us explain

why it is necessary to consider the bracket locally. This is due to the fact that

Ωa−1
H (M) could be the space of closed forms, even when Sn is nonzero. For instance,

for n = 1, if we take the foliation of the torus where every leaf is dense and S1 is the

bundle of forms which are zero when evaluated on tangent vectors to this foliation,

then df ∈ S1 only when f is constant.

Actually, the situation described above could still happen for arbitrarily small

open subsets U , not due to topology, but due to integrability. Note that in order

to have a non-trivial space of Hamiltonian forms (where the trivial one would be

defined as the space of closed forms), there must be a non-trivial solution to the

following partial differential equation:

dα ∈ Sa, α ∈ Ωa−1(U),

where dα ∈ Sa means that dα takes values in Sa. Hence, if we are not careful,

there could be a unique graded Poisson bracket for a given subbundle Sn, the trivial

one. The same discussion applies to the graded Leibniz identity and invariance by

symmetries. These properties could be meaningless if there are no Hamiltonian

forms and vector fields satisfying the requirements. In order to avoid this, we can

assume that Sn satisfies the following conditions (the theories to be considered will

certainly satisfy these hypotheses):

(i) Locally, for every 1 ≤ a ≤ n− 1, there exist Hamiltonian forms γij ∈ Ωa−1
H (U),

and functions f ji such that Sa+1 = 〈df ji ∧ dγij〉.
(ii) Locally, for each 1 ≤ a ≤ n, there exists a family of Hamiltonian forms γj , and

a family of vector fields Xi such that Sa = 〈dγj〉, £Xiγ
j = 0, and Sa−1 =

〈dιXiγj〉.

These hypotheses, besides guaranteeing that Sa is locally generated by Hamil-

tonian forms, also guarantee that we can apply freely the Leibniz rule and the

invariance by symmetries. In particular, we can prove the following theorem.

Theorem 2.1.1 ([18]). Let Sn be a vector subbundle of
∧n

M such that Sn−1 =

ιTMS
n, . . . , S1 = ιTMS

2 are vector subbundles of
∧n−1

M, . . . , T ∗M, respectively.

Suppose that these subbundles satisfy the hypotheses above. Let {·, ·} be a graded

Poisson bracket on the space of Hamiltonian forms. Then, there exists a unique

sequence of vector bundle morphisms, ]a for 1 ≤ a ≤ n,

Sa
∨
n+1−aM/Kn+1−a

M

]a

,

2650243-8
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where Kn+1−a = {U ∈
∨
n+1−aM : ιUS

n+1−a = 0}, satisfying the following

properties:

(i) The maps ]a are skew-symmetric, namely

ι]a(α)β = (−1)(n+1−a)(n+1−b)ι]b(β)α

for all α ∈ Sa, β ∈ Sb.
(ii) It is integrable: For α : M → Sa, β : M → Sb sections such that a+b ≤ 2n+1,

and U, V multivectors of degree p = n+ 1− a, q = n+ 1− b, respectively, such

that

]a(α) = U +Kp, ]b(β) = V +Kq,

we have that the (a+ b− n)-form

θ := (−1)(p−1)q£Uβ + (−1)q£V α−
(−1)q

2
d(ιV α+ (−1)pqιUβ)

takes values in Sa+b−n, and

]a+b−n(θ) = [U, V ] +Kp+q−1.

(iii) For any Hamiltonian forms α ∈ Ωa−1
H (M) and β ∈ Ωb−1

H (M), we have

{α, β} = (−1)degH βι]b(dβ)dα. (1)

Conversely, given a sequence of vector bundle maps satisfying the first two previous

properties, the bracket defined by Eq. (1) defines a graded Poisson bracket of order n.

The previous result induces the following definition:

Definition 2.1.3 (Regular graded Dirac structure of order n). Let M be a

smooth manifold, and S1, . . . , Sn be a sequence of vector subbundles

Sa
∧a

M

M

which are related through subsequent contractions, Sa = ιTMS
a+1 (we do not

necessarily require them to satisfy the integrability conditions mentioned above).

Then, a regular graded Dirac structure of order n on M is a sequence of vector

bundle maps

]a : Sa →
∨

n+1−a
M/Kk+1−a,

where Kn+1−a is the annihilator of Sn+1−a that satisfies the following conditions:

(i) The maps ]a are skew-symmetric, that is,

ι]a(α)β = (−1)(n+1−a)(n+1−b)ι]b(β)α

for all α ∈ Sa, β ∈ Sb.

2650243-9
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(ii) It is integrable: For α : M → Sa, β : M → Sb sections such that a+ b ≤ 2n+ 1,

and U, V multivector fields of degree p = n+ 1− a, q = n+ 1− b, respectively

such that

]a(α) = U +Kp, ]b(β) = V +Kq,

we have that the (a+ b− n)-form

θ := (−1)(p−1)q£Uβ + (−1)q£V α−
(−1)q

2
d(ιV α+ (−1)pqιUβ)

takes values in Sa+b−n, and

]a+b−k(θ) = [U, V ] +Kp+q−1.

Remark 2.1.3. Note that a regular graded Dirac structure (M,Sa, ]a) induces a

graded Poisson bracket on the space of Hamiltonian forms, by defining {α, β} =

(−1)degH βι]b(dβ)dα.

Definition 2.1.4 (Flat regular graded Dirac structure). A regular graded

Dirac structure of order n will be called flat if the sequence of subbundles S1, . . . , Sn

satisfies the integrability hypotheses (i) and (ii).

Remark 2.1.4. Equivalently, using Theorem 2.1.1, a flat regular graded Dirac

structure of order n can be defined by a graded Poisson bracket of order n on the

space of Hamiltonian forms Ωa−1
H (M), for 1 ≤ a ≤ n.

Remark 2.1.5. One could weaken the hypotheses of the objects in Definition 2.1.3,

and work instead with vector subbundles of∨
p

M ⊕M
n+1−p∧

M,

as in [7, 18,47,48], corresponding to the image of the vector bundle morphism

Dp = {(u, α) : α ∈ Sn+1−p, ]n+1−p(α) = u+Kp},

see [18, Proposition III A.2]. We prefer to work with regular graded Dirac structures

because of its immediate connection to brackets, which is our main focus in this

paper. Nevertheless, we expect that the results presented here may be extended to

the general case with no difficulty.

Remark 2.1.6. The case n = 1 recovers the usual definition of Dirac structure.

Indeed, a regular “graded” Dirac structure of order one on M (following Definition

2.1.3) would correspond to a map

] : S → TM/K,

where S ⊆ T∗M is a vector subbundle. Integrability implies that K is an integrable

distribution in the sense of Frobenius. Then, both skew-symmetry and integrability

2650243-10
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of ] translate into

D := {(v, α) ∈ TM ⊕M T ∗M : ](α) = v +K} ⊂ TM ⊕M T ∗M

defining a Dirac structure in the usual case present in the literature (see [6, 15, 21,

22]). Of course, this does not recover all possible Dirac structures, but only those

D ⊂ TM ⊕M T ∗M whose projection onto T ∗M defines a vector subbundle. In

any case, we can recover all possible Dirac structures if we work with the notion

presented in Remark 2.1.5 instead.

Remark 2.1.7. An important feature of these structures is that they are com-

pletely determined by the structure on degree n, since the vector bundle map

]n : Sn → TM/K1 determines the rest defining ]a(ιUα) := ]n(α) ∧ U + Kn+1−a,

where α ∈ Sn and U ∈
∨
n−aM (see [18]).

2.2. Restrictions and quotients of graded Dirac structures

Now we will study induced graded Dirac structures by restrictions to sub-manifolds

and projections to a quotient. More generally, we will define the pullback and push-

forward of a graded Dirac structure by a smooth map (see [8] for the definitions in

Dirac geometry).

Let N,M and P be smooth manifolds, and let M be endowed with a regular

graded Dirac structure (Sa, ]a). Suppose we had an immersion i : N → M and

a submersion π : M → P . One should define the induced structures by i and π

on N and P , respectively, as maximal regular Dirac structures such that both i

and π preserve them. The preservation of the structure is given by the notion of a

graded Dirac map. In Dirac geometry (in some contexts called generalized geometry,

see [34]), there are two notions, forward Dirac maps (generalizing pushforward of

multivectors) and backward Dirac maps (generalizing pullbacks of forms), see [8].

Let us first define a general notion of graded Dirac map in order to define the

generalizations of the previous concepts.

Definition 2.2.1. Let (N, S̃a, ]̃a) and (M,Sa, ]a) be two regular graded Dirac

manifolds and f : N →M be a smooth map. Then, f is said to be a graded Dirac

map if the following diagram is commutative for every x ∈ N and every a = 1, . . . , n:

(f∗)−1
(
S̃a
∣∣
x

)⋂
Sa
∣∣
f(x)

S̃a
∣∣
x

∧n+1−a
(

Tf(x) M
)/(

Kn+1−a + f∗(K̃n+1−a)
) ∧n+1−a (TxN)

/
K̃n+1−a

f∗

]a ]̃a

f∗

.

Some clarification on the notation is due. First, f induces a map f∗ :
∧a

T ∗f(x)M →∧a
T ∗xN , so (f∗)−1(S̃a

∣∣
x
) denotes the pre-image of S̃a

∣∣
x
⊆
∧a

T ∗xN by the pull-

back map. Finally, making some abuse of notation, we interpret the map on the

2650243-11
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left ]a as the composition

Sa
]a−→

∨
n+1−a

M/Kn+1−a →
∨

n+1−a
M/(Kn+1−a + f∗(K̃n+1−a)),

where the second map is the projection onto the quotient. Hence, a smooth map

f : N →M is said to be a graded Dirac map if it satisfies ]a(α|f(x)) = f∗(̃]a(f∗α))

modulo Kn+1−a + f∗(K̃n+1−a) for every α ∈ Sa|f(x) such that f∗α ∈ S̃a.

That Definition 2.2.1 is the correct notion for a structure-preserving map

between graded Dirac manifolds, motivated by the following property.

Proposition 2.2.1. Let (N, S̃a, ]̃a) and (M,Sa, ]a) be two regular graded Dirac

manifolds of order n and f : N → M be a graded Dirac map. Let α and β be

Hamiltonian forms on M such that both f∗α and f∗β are Hamiltonian on N .

Then,

{f∗α, f∗β} = f∗{α, β}.

Proof. Suppose β ∈ Ωb−1
H (M). Then, we have

f∗{α, β} = (−1)degH βf∗(ι]b(dβ)dα)

= (−1)degH βf∗(ιf∗]b(df∗β)dα) = (−1)degH βι]b(df∗β)f
∗dα = {f∗α, f∗β},

which finishes the proof.

Furthermore, in the case that f is well behaved with respect to both graded

Dirac structures, Definition 2.2.1 is not only sufficient but also necessary for a map

f : N →M to preserve brackets in the sense of Proposition 2.2.1.

Proposition 2.2.2. Let (N, S̃a, ]̃a) and (M,Sa, ]a) be two regular graded Dirac

manifolds of order n and f : N → M be a smooth map such that for every α ∈
Ωa−1
H (N) there is γ ∈ Ωa−1

H (M) with f∗γ = α. Then, f is a graded Dirac map if

and only if it satisfies

{f∗α, f∗β} = f∗{α, β}

for every pair of Hamiltonian forms α and β on M such that both f∗α and f∗β are

Hamiltonian forms on N .

Proof. Necessity follows from Proposition 2.2.1. Now, for sufficiency, let α ∈
(f∗)−1(S̃a) ∩ Sa. We need to show that ]a(α) = f∗]a(f∗α) modKn+1−a +

f∗(K̃n+1−a). Now, since

((f∗)−1(S̃n+1−a) ∩ Sn+1−a)◦,n+1−a

= ((f∗)−1(S̃n+1−a))◦,n+1−a + (Sn+1−a)◦,n+1−a

= Kn+1−a + f∗(K̃n+1−a),

2650243-12
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it is enough to show that ι]a(α)β = ιf∗]a(f∗α)β for every β ∈ (f∗)−1(S̃n+1−a) ∩
Sn+1−a, which clearly follows from the bracket preservation hypothesis.

Now we can define the desired induced graded Dirac structures as maximal struc-

tures (with respect to inclusion and extension of the corresponding ] morphisms) on

N and P such that both i and π are graded Dirac maps. These are characterized by

two particular kind of maps, those that we call backward and forward, generalizing

the well-known concepts in Dirac geometry [9]:

Definition 2.2.2 (Backward and forward maps). A graded Dirac map

f : N → M is said to be backward if S̃a|x = {f∗α : α ∈ Sa|f(x) and

]a(α) is tangent to f , modulo Kn+1−a}, and it is said to be forward if Sa|f(x) =

(f∗)−1(S̃a|x) for every a = 1, . . . , n and x ∈ N .

Definition 2.2.3 (Pullback and pushforward of graded Dirac structures).

Let (M,Sa, ]a) be a regular graded Dirac manifold of order n and f : N →M be a

smooth map (respectively, π : M → P , be a submersion). A graded Dirac structure

on N , (S̃a, ]̃a) (respectively, on P ) is called the pullback of (Sa, ]a) (respectively, the

pushforward) if f is a backward (repectively, forward) graded Dirac map between

these two structures.

Some elementary properties are in order.

Theorem 2.2.1. When they exist, both pullback and pushforward of graded Dirac

structures are unique.

Proof. Let (M,Sa, ]a) be a graded Dirac manifold, f : N →M be a smooth map

and π : M → P be a submersion. Clearly, if there are graded Dirac structures on

N and P such that f is a backward graded Dirac map and π is a forward graded

Dirac map, the corresponding subbundles S̃a are unique, by definition. Therefore,

it is sufficient to check that the choice of the ] maps is unique as well. Let us study

both cases separately:

(i) Pullbacks: Note that (f∗)−1(S̃a) ∩ Sa f∗−→ S̃a is surjective. Suppose there were

two maps

]̃a, ]̃
′
a : S̃a →

∨
n+1−a

N/K̃n+1−a

such that f∗(̃]a(f∗α)) = f∗(̃]
′
a(f∗α)) = ]a(α) modulo Kn+1−a + f∗K̃n+1−a for

every α ∈ (f∗)−1(S̃a) ∩ Sa. Then, for every α ∈ Sa, we would have

f∗(̃]a(f∗α))− f∗(̃]′a(f∗α))

∈ (Kn+1−a + f∗K̃n+1−a) ∩ f∗

( ∨
n+1−a

N

)
⊆ f∗K̃n+1−a,

2650243-13
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so that f∗(̃]a(f∗α) − ]′a(f∗α)) ∈ f∗(K̃n+1−a). Hence, ]a(f∗α) − ]′a(f∗α) ∈
(f∗)

−1(f∗(K̃n+1−a)). Since this last subspace is easily seen to be K̃n+1−a, we

have ]a(f∗α)− ]′a(f∗α) ∈ K̃n+1−a, finishing the proof.

(ii) Pushforwards: Uniqueness in the case of pushforwards follows from the obser-

vation that π∗(Kn+1−a) ⊆ K̃n+1−a, given that π∗ is injective (since π is a

submersion). Therefore, if π is a forward graded Dirac map, we necessarily

have a commutative diagram

(π∗)−1(Sa) Sa

∨
n+1−a P

/
K̃n+1−a

∨
n+1−aM

/
Kn+1−a

π∗

]̃a ]a

π∗

,

from which uniqueness follows.

Remark 2.2.1. Actually, from the analysis done in Theorem 2.2.1 we can explicitly

compute the pullback and pushforward of regular graded Dirac structures. This will

be useful in the sequel.

We now turn onto the problem of determining the conditions for existence of

both pullback and pushforward of graded Dirac structures. The matter of existence

of pullbacks is purely a matter of regularity:

Proposition 2.2.3. Let f : N →M be a smooth map and let M be endowed with

a regular graded Dirac structure (Sa, ]a). Suppose

S̃a := {f∗α : ]a(α) is tangent to f}

defines a vector subbundle of
∧a

N for every 1 ≤ a ≤ n. Then, there exists the

pullback of the graded Dirac structure by f .

Proof. Skew symmetry of the maps follows easily from the definition. Integrability

follows from the naturality of the Schouten–Nijenhuis bracket.

In particular, if an embedding i : N → M is well behaved with respect to the

graded Dirac structure on M , then we can restrict said structure to N . However,

the existence of pushforwards is only guaranteed under the following hypotheses:

Proposition 2.2.4. Let π : M → P be a submersion and let M be endowed with a

graded Dirac structure (Sa, ]a). Then, the pushforward of (Sa, ]a) exists if and only

if for each pair of points x and y ∈M such that π(x) = π(y) we have

(i) {α ∈
∧a

T ∗π(x)P : (dxπ)∗α ∈ Sa|x} = {α ∈
∧a

T ∗π(x)P : (dyπ)∗α ∈ Sa|y},
(ii) Given α ∈

∧a
T ∗π(x)P such that (dxπ)∗α ∈ Sa|x and (dπ)∗α ∈ Sa|y, then

(dxπ)∗]a((dxπ)∗α) = (dyπ)∗]a((dyπ)∗α).

2650243-14
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Proof. Clearly, the previous hypotheses allow us to define induced maps ]̃a : S̃a →∨
n+1−a P/K̃n+1−a that are skew-symmetric. Integrability follows from the natu-

rality of the Lie derivative and Schouten–Nijenhuis bracket.

Such hypotheses are guaranteed, for instance, when dealing with a quotient by

a Lie group action that preserves the graded Dirac structure, so that the space

of orbits inherits a natural graded Dirac structure, namely the pushforward of

Proposition 2.2.4. However, an in-depth study of reduction is not the objective of

this paper.

2.3. Fibered graded Dirac manifolds

Now, we shall focus on describing graded Dirac structures compatible with a fibered

manifold τ : M → X, which is the structure that we use to describe classical field

theories.

Let τ : M → X be a fibered manifold, namely, a surjective submersion. Let us

first introduce some bit of terminology that we will use constantly throughout our

study:

Definition 2.3.1 (Horizontal, basic, semi-basic forms). A differential (a−1)-

form α ∈ Ωa−1(M), for a ≥ 1, is called:

(i) Semi-basic over X with respect to the projection τ : M → X if ιvα = 0 for

every vector v ∈ TM such that dτ · v = 0.

(ii) Basic over X with respect to the projection τ : M → X if α = τ∗β, for certain

a-form β (which will be unique) on X.

(iii) r-horizontal over X with respect to the projection τ : M → X, for 0 ≤ r ≤ a

if ιv1,...,va−rα = 0 for every sequence of vectors v1, . . . , va+1−r ∈ TM such that

dτ · vi = 0.

Remark 2.3.1. Note that the notion of semi-basic (a − 1)-form and (a − 1)-

horizontal a-form coincide.

Definition 2.3.2 (Fibered graded Dirac manifolds). Let τ : M → X be a

fibered manifold over an n-dimensional manifold X. A graded Dirac structure on

M of order n, (Sa, ]a) is called fibered over X if the following two conditions hold:

(i) Sa consists of (a− 1)-horizontal forms over X.

(ii) Every semi-basic a-form over X is in Sa.

Remark 2.3.2. Let us motivate this definition. First, as we will see in Theo-

rem 4.2.1, Hamiltonian forms on a graded Dirac manifold will be the forms that

are candidates to have defined evolution. Since we want this evolution to be lin-

ear on the future Hamiltonian, we ask for the a-forms to be (a − 1)-horizontal

2650243-15
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(or, equivalently, at most 1-vertical). Second, it is only natural to ask for basic

forms to have defined evolution. This issue is represented by the second condition.

We now proceed to study the relationship of fibered structures to the previous

constructions of graded Dirac maps, pullbacks and pushforwards.

Proposition 2.3.1. Let τ1 : N → X, τ2 : P → X and τ : M → X be fibered mani-

folds and let τ : M → X be endowed with a fibered graded Dirac structure. Then, both

pullback and pushforwards (if they are well defined) by smooth maps f : N → M

and submersions π : M → P, respectively, are fibered when f and π are fibered maps.

Proof. Both are easily checked from the definition of backward and forward graded

Dirac maps.

Let us study an example which will be of relevance for our purposes:

Example 2.3.1. Let π : Y → X be a fibered manifold over an n-dimensional base,

X, and let M̃ :=
∧n

2 Y ⊆
∧n

Y denote the vector subbundle of (n − 1)-horizontal

forms, that is, the space consisting of those α ∈
∧n

2 Y such that ιe1∧e2α = 0 for

every ei ∈ TY with dπ(ei) = 0. If (xµ, yi) denote fibered coordinates on Y so that

π(xµ, yi) = (xµ), the previous vector bundle is generated by the forms

dnx, dyi ∧ dn−1xµ,

where dnx and dn−1xµ denote dx1∧· · ·∧dxn and ι ∂
∂xµ

dnx, respectively. Therefore,

the subbundle
∧n

2 Y admits natural coordinates (xµ, yi, p, pµi ) representing the form

α = pdnx + pµi dyi ∧ dn−1xµ. There is a canonical form, called the Liouville form

(or the canonical multisymplectic potential)

Θ = pdnx+ pµi dyi ∧ dn−1xµ,

which induces a canonical multisymplectic form on this manifold, which is given by

the closed non-degenerate form

Ω = −dΘ = −dp ∧ dnx− dpµi ∧ dyi ∧ dn−1xµ.

This closed form induces a map [ : TM̃ →
∧n

M̃ given by [(v) := ιvΩ. This map

defines a monomorphism, so that its inverse ]n := [−1 is a well-defined map between

Sn := Im [ and TM :

]n : Sn → TM, ]n(α) = [−1(α).

In coordinates, this map reads as follows

]n(dnx) = − ∂

∂p
, ]n(dyi ∧ dn−1xµ) = − ∂

∂pµi
,

]n(dpµi ∧ dn−1xµ) =
∂

∂yi
, ]n(dp ∧ dn−1xν − dpµi ∧ dyi ∧ dn−1xµν) =

∂

∂xν
.
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The reader may check that this is a graded Dirac structure but, as we can see,

it is not fibered over X. This setting (usually done via the form Ω) is called the

extended covariant formalism of classical field theory. Then, there is the reduced for-

malism, which takes place in the manifold obtained by quotienting M̃ by semi-basic

forms,
∧n

1 Y so that the manifold is M :=
∧n

2 Y
/∧n

1 Y with induced coordinates

(xµ, yi, pµi ). When working in the reduced formalism, the reader may find one of

two options in the literature:

(i) The first option, given a section (representing a Hamiltonian) h : M → M̃ , to

work with the multisymplectic structure induced by Ωh = h∗Ω, see [13,43], for

instance.

(ii) The second option, to identify those basic Hamiltonian forms (with respect to

the projection M̃ →M) whose bracket is still basic, and work with the reduced

bracket on M , see [2, 14], among others.

The first method is uncomfortable if one aims to develop a bracket theory inde-

pendent of the Hamiltonian, so we will work with the second [14]. This actually

corresponds to our notion of pushforward of a graded Dirac structure. The induced

structure is easily seen to be Sn = 〈dnx,dyi ∧ dn−1xµ,dp
µ
i ∧ dn−1xµ〉 with ]n

given by

]n(dnx) = 0, ]n(dyi ∧ dn−1xµ) = − ∂

∂pµi
, ]n(dpµi ∧ dn−1xµ) =

∂

∂yi
.

We immediately see that this is a fibered graded Dirac manifold over X.

Remark 2.3.3. In the extended formalism, there are several and equivalent ways

of determining the dynamics, see [49] for a recent treatment of the subject.

3. Extensions of Graded Poisson Brackets

We now turn to the main objective of our study: defining extensions of graded

Poisson brackets on a regular graded Dirac manifold. More particularly, we are

interested in finding a bracket

Ωa−1
H (M)⊗ Ωb−1

H (M)→ Ω
a+b−(n+1)
H (M),

that satisfies as much properties of Definition 2.1.2 as possible, where a, b ≥ 1

are now unbounded. As we will immediately see, this bracket will depend upon

certain choices. Nevertheless, there will be pairs of forms such that the bracket is

independent of all choices made. These pairs will then be used to define dynamics.

We will use the techniques employed in [32, 41], that is, we start by defining

a suitable extension of the ] mappings to a larger family of forms, and then the

brackets will be defined by Eq. (1) up to a constant, namely

{α, β} := (−1)degH βCι](dβ)dα,
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where α and β are suitable forms of arbitrary degree and ](dβ) is the aforementioned

extension. Our study is divided in three steps:

(i) First step: In order to motivate the construction in the two subsequent steps,

we show that the maps

]a : Sa →
∨

n+1−a
M/Kn+1−a

for 1 ≤ a ≤ n may be extended to maps ]a : Sb → Sb−a⊗
∨
n+1−aM/Kn+1−a.

Furthermore, one may define the brackets using any possible extension, since

we will show that there is a constant Ca,b such that ι]b(β)γ = Ca,b · ι]a(β)γ for

every β ∈ Sb, b ≥ a and γ ∈ Sc with c ≥ n+ 1− a.

(ii) Second step: We show how to extend the first ]-mapping

]1 : S1 →
∨
n

M/Kn

to a map ]̃1 : (S1)∧a →
∧a−1

M ⊗
∨
nM/Kn, where

(S1)∧a :=

a∧
S1 ↪→

a∧
M,

in a canonical way, for arbitrary a. This extension will allow us to introduce a

bracket of Hamiltonian (n−1)-forms and arbitrary forms Θ with dΘ ∈ (S1)∧a

using Eq. (1). This is the bracket that we will use to define dynamics.

(iii) Last step: We deal with the issue of extending the rest of the ]-mappings

to forms of arbitrary degree. Compatible extensions of ]̃j with the map ]̃1
presented in the second step will only exist for a particular subfamily of forms,

those whose exterior derivative takes values in a particular subbundle which

we denote by Sa[j]. Thus, we will look for extensions ]̃j : Sa[j] →
∧a−j

M ⊗∨
n+1−jM/Kj , and study their main properties.

3.1. First step: Extension of ]a to Sb, for n ≥ b ≥ a

Just as a motivation, let us first notice that we may extend the mapping

]a : Sa →
∨

n+1−a
M/Kn+1−a

to every subbundle Sb, with n ≥ b ≥ a, but first, let us briefly explain a very useful

technique that we will employ throughout the paper:

Remark 3.1.1. Throughout the rest of the text, we will exploit the fact that given

a linear map between vector spaces f : V1 ⊗ V3 → V2 there is a unique map

g : V1 → V2 ⊗ V ∗3
such that, for every v1 ∈ V1 and v3 ∈ V3, we have 〈g(v1), v3〉 = f(v1 ⊗ v3), where

〈·, ·〉 : (V2 ⊗ V ∗3 ) × V3 → V2 denotes the natural pairing. Indeed, g is simply the

2650243-18
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adjoint of the map f , taken on the second component of the tensor product. In

most cases, V3 will be a space of forms, e.g. V3 = Sa, and we will identify

(Sa)∗ ∼=
∨

n+1−a
M/Kn+1−a,

where the pairing is given by contraction. We will refer to this process as taking

adjoints.

Proposition 3.1.1. For 1 ≤ a ≤ n and a ≤ b ≤ n there is a unique extension

]a : Sb → Sb−a ⊗
∨

n+1−a
M/Kn+1−a,

such that, if β ∈ Sb and γ ∈ Sc with c ≥ n+ 1− a, then we have

ι]a(β)γ =

(
b+ c− (n+ 1)

b− a

)
ι]b(β)γ =

(b+ c− (n+ 1))!

(b− a)!(a+ c− (n+ 1))!
ι]b(β)γ. (2)

Here, contraction by a multivector valued form is defined as ιθ⊗uγ := θ ∧ ιuγ,
generalizing the usual contraction by vector valued forms (see [32]).

Proof. Particularizing Eq. (2) for γ ∈ Sn+1−a, we must have ι]a(β)γ = ι]b(β)γ. The

second term defines a linear mapping

Sb ⊗ Sn+1−a → Sb−a.

Taking the adjoint of the previous mapping (see Remark 3.1.1), we see that there

exists a unique map

]a : Sb → Sb−a ⊗
∨

n+1−a
M/Kn+1−a

that satisfies Eq. (2) for c = n + 1 − a. It only remains to check that such a map

will also satisfy it for arbitrary n ≥ c ≥ n + 1 − a. This will be a consequence of

the following lemmas:

Lemma 3.1.1. Let V be a finite dimensional vector space and u ∈
∧p

V. For a ≥ p
we have an induced map

a∧
V ∗ →

a−p∧
V ∗, α 7→ ιuα.

Then, interpreting this linear map as an element Cu ∈
∧a−p

V ∗ ⊗
∧a

V, we have

Cu = (−1)p(a−p)1a−p ∧ u = u ∧ 1a−p,

where 1a−p ∈
∧a−p

V ∗ ⊗
∧a−p

V denotes the identity, and the exterior product is

given by (θ ⊗ v) ∧ u = θ ⊗ (v ∧ u) or u ∧ (θ ⊗ v) = θ ⊗ (u ∧ v).
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Proof. Let {ei} denote a basis of V and suppose u = ui1...ipei1 ∧ · · · ∧ eip . Then,

ιue
j1 ∧ · · · ∧ eja = δj1...jai1...ipkp+1...ka

ui1...ipekp+1 ∧ · · · ∧ eka .

Hence, we have

Cu = δj1...jai1...ipkp+1...ka
ui1...ipekp+1 ∧ · · · ∧ eka ⊗ ej1 ∧ · · · ∧ eja .

Furthermore, 1a−p = ekp+1 ∧ · · · ∧ eka ⊗ ekp+1 ∧ · · · ∧ eka and we have

1a−p ∧ u = ui1...ipekp+1 ∧ · · · ∧ eka ⊗ ekp+1 ∧ · · · ∧ eka ∧ ei1 ∧ · · · ∧ eip

= δj1...jakp+1...kai1...ip
ui1...ipekp+1 ∧ · · · ∧ eka ⊗ ej1 ∧ · · · ∧ eja

= (−1)p(a−p)δj1...jai1...ipkp+1...ka
ui1...ipekp+1 ∧ · · · ∧ eka ⊗ ej1 ∧ · · · ∧ eja ,

where in the last equality we have switched kp+1 . . . kai1 . . . ip to i1 . . . ipkp+1 . . . ka.

Comparing both expressions, we conclude that Cu = (−1)p(a−p)1a−p ∧ u, finishing

the proof.

Lemma 3.1.2. Let 1a ∈
∧a

V ∗ ⊗
∧a

V denote the identity. Then, for b ≥ a, and

β ∈
∧b

V ∗, we have

ι1aβ =

(
b

a

)
β =

b!

a!(b− a)!
β.

Proof. Again, let {ei} denote a basis of V and suppose β = βi1...ibe
i1 ∧ · · · eib .

Now, since

1a = ej1 ∧ · · · ∧ eja ⊗ ej1 ∧ · · · ∧ eja

we have

ι1aβ = βi1...ibe
j1 ∧ · · · ∧ eja ∧

(
ιej1∧···∧eja e

i1 ∧ · · · ∧ eib
)

= δi1...ibj1...jaka+1...kb
βi1...ibe

j1 ∧ · · · ∧ eja ∧ eka+1 ∧ · · · ∧ ekb

=

(
b

a

)
βi1...ibe

i1 ∧ · · · ∧ eib =

(
b

a

)
β,

which finishes the proof.

Using Lemma 3.1.1 it follows that for β ∈ Sb with b ≥ a, we may write

]a(β) = ]b(β) ∧ 1b−a.
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In general, notice that for a multivector valued form θ ⊗ v ∈
∧a

V ∗ ⊗
∧q

V , and

u ∈
∧p

V we have that

ιu∧(θ⊗v)γ = ιθ⊗(u∧v)γ = θ ∧ ιu∧vγ = θ ∧ ιvιuγ = ιθ⊗vιuγ

for every γ ∈
∧c

V ∗. Hence, for γ ∈ Sc, with n ≥ c ≥ n+ 1− a,

ι]a(β)γ = ι1b−aι]b(β)γ.

Now, since c ≥ n+ 1− a, we have c− (n+ 1− b) ≥ b− a and, using Lemma 3.1.2,

we conclude that

ι]a(β)γ =

(
b+ c− (n+ 1)

b− a

)
ι]b(β)γ,

which finishes the proof of Proposition 3.1.1.

Remark 3.1.2. This implies that in the definition of graded Poisson brackets we

can use any ] mapping, as long as we are careful with the degrees of the forms to

be considered and the coefficients appearing in Proposition 3.1.1. Indeed, we know

that

{γ, β} = (−1)degH β

(
b+ c− (n+ 1)

b− a

)−1

ι]a(dβ)dγ,

= (−1)degH β (b− a)!(c+ a− (n+ 1))!

(b+ c− (n+ 1))!
ι]a(dβ)dγ

for every 0 ≤ a ≤ b, and n+ 1− a ≥ c, since we have

ι]a(dβ)dγ =

(
b+ c− (n+ 1)

b− a

)
ι]b(dβ)dγ.

Remark 3.1.3. Also note, as it follows from Lemma 3.1.1, that we have an explicit

expression for ]a(β), namely

]a(β) = ]b(β) ∧ 1b−a.

This will result useful in the sequel, being the condition we will impose for compat-

ibility among extensions.

3.2. Second step: Extension of ]1 to (S1)∧a, for a ≥ 1

We are now ready to start defining the extensions of the ]-mappings.

Theorem 3.2.1. Let (M,Sa, ]a) be a regular graded Dirac manifold of order n.

Then, there exists a unique extension of ]1,

(S1)∧a
]̃1−→

a−1∧
M ⊗M

∨
n

M/Kn

2650243-21
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for all possible values of a ≥ 1, such that for any α ∈ Sn and β ∈ (S1)∧a we have

ι]n(α)β = (−1)(n+1−a)ι̃]1(β)α.

Proof. Note that the map α ⊗ β 7→ (−1)(n+1−a)ι]n(α)β for α ∈ Sn, β ∈ (S1)∧a

defines a map Sn ⊗ (S1)∧a →
∧a−1

M . Taking the adjoint (see Remark 3.1.1), we

obtain ]̃1 : (S1)∧a
]̃1−→
∧a−1

M⊗
∨
nM/Kn. By construction, it satisfies the required

equality.

Furthermore, the equality ι]n(α)β = (−1)(n+1−a)ι̃]1(β)α just means that ]̃1 is

the adjoint (in the previous sense) of the first map defined.

Remark 3.2.1. Signs are chosen throughout the text in the ] mappings so

that the following equality holds: ι](α)β = (−1)(n+1−a)(n+1−b)ι](β)α, maintaining

skew-symmetry as in Definition 2.1.3. Note that this is the condition imposed in

Theorem 3.2.1.

Remark 3.2.2. The previous extension of ]1 recovers the construction by Michor

in [41] and by Grabowski in [32]. Indeed, it is easily shown that the map from

Proposition 3.1.1 satisfies

]̃1(θ1 ∧ · · · ∧ θa) = (−1)a+1
a∑
j=1

(−1)j+1θ1 ∧ · · · ∧ θ̂j ∧ · · · ∧ θa ⊗ ]1(θj),

so that it defines an anti-derivation, which is the main property used in both cited

papers for their respective construction. We prefer the point of view of the proof

of Proposition 3.1.1 because of its immediate generalization to different degrees,

which is not so easily accomplished from the point of view of derivations.

As a corollary of Proposition 3.1.1, we can define an extension of brackets for

Hamiltonian (n−1)-forms and forms of arbitrary degree in a suitable subspace: Let

Ωa−1
H (M)[1] := {α ∈ Ωa−1(M) : dα ∈ (S1)∧a}.

The extension of ]1 defines a bracket

Ωn−1
H (M)⊗ Ωa−1

H (M)[1]
{·,·}−−−→ Ωa−1(M)

by putting

{α,Θ} := (−1)degH Θι̃]1(dΘ)dα. (3)

By Proposition 3.1.1, this bracket coincides with the original one for Hamiltonian

forms Θ ∈ Ωb−1
H (M), 1 ≤ b ≤ n.

Remark 3.2.3. The diagram below shows the achieved extension with this first

step: There is a point on the coordinate plane (degα,deg β) if we can evaluate a

bracket on a suitable pair of forms of such an order. In the gray square, we have
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represented the original bracket of Hamiltonian forms, and we have extended it to

the case (n− 1, a) or (a, n− 1), for arbitrary a ≥ 0.

Trivially zero

Original brackets

Brackets defined by ]̃1

ord α

ord β

We now turn into studying elementary properties of the previous extension,

dealing with the problem of how many properties of Definition 2.1.2 remain.

We will find useful the fact that we may compute ]̃1(d{α,Θ}), where α ∈
Ωn−1
H (M) and Θ ∈ Ωa−1

H (M)[1]. Indeed, we have the following proposition.

Proposition 3.2.1. Let Θ ∈ Ωa−1
H (M)[1], and α ∈ Ωn−1

H (M). Then,

]̃1(d{α,Θ}) = −£]n(dα)(̃]1(dΘ)).

Before proving the previous proposition, let us first show that the bracket is

closed.

Lemma 3.2.1. Given α ∈ Ωn−1
H (M) and Θ ∈ Ωa−1(M)[1], we have {α,Θ} ∈

Ωa−1(M)[1].

Proof. Let α ∈ Ωn−1
H (M) and Θ ∈ Ωa−1

H (M)[1]. We need to check that {α,Θ} ∈
Ωa−1
H (M)[1], which is equivalent to dι]n(dα)dΘ ∈ (S1)∧a. Now, the last requirement

is satisfied if and only if ιK1
dι]n(dα)dΘ = 0, where K1 = (S1)◦,1. Indeed, let X be

a vector field taking values in K1. Then,

ιXdι]n(dα)dΘ = £Xdι]n(dα)dΘ− dιXι]n(dα)dΘ = £Xdι]n(dα)dΘ

= d£Xι]n(dα)dΘ = dι[X,]n(dα)]dΘ + dι]n(dα)£XdΘ

= dι[X,]n(dα)]dΘ,

which is zero, as [X, ]n(dα)] takes values in K1, since the graded Dirac structure is

integrable.
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Proof of Proposition 3.2.1. In order to prove the equality, let us check that

contraction against an arbitrary form β taking values in Sn by both sides of the

desired equality yields the same result. Indeed, using the defining property of ]̃1
(see Theorem 3.2.1) and that dΘ ∈ (S1)∧a, we get

ι̃]1(d{α,Θ})β = (−1)n+1−aι]n(β)d{α,Θ} = −ι]n(β)dι̃]1(dΘ)dα

= −£]n(β)ι̃]1(dΘ)dα+ dι]n(β)ι̃]1(dΘ)dα

= −(−1)(n+1−a)£]n(β)ι]n(dα)dΘ + dι]n(β)ι̃]1(dΘ)dα.

Now, rewriting the leftmost term employing the formula £XιY ω = ι[X,Y ]ω +

ιY £Xω, we get

ι̃]1(d{α,Θ})β = −(−1)n+1−a(ι[]n(β),]n(dα)]dΘ

+ ι]n(dα)£]n(β)dΘ) + dι]n(β)ι̃]1(dΘ)dα. (4)

Recall that (Sa, ]a) is a graded Dirac structure, so that we have []n(β), ]n(dα)] =

]n(η), where

η = £]n(β)dα−£]n(dα)β +
1

2
d
(
ι]n(dα)β − ι]n(β)dα

)
= −£]n(dα)β. (5)

Using Eq. (4) together with Eq. (5) we obtain

ι̃]1(d{α,Θ})β = −(−1)n+1−a(ι[]n(β),]n(dα)]dΘ + ι]n(dα)£]n(β)dΘ) + dι]n(β)ι̃]1(dΘ)dα

= −(−1)n+1−a(ι]n(η)dΘ + ι]n(dα)£]n(β)dΘ) + dι]n(β)ι̃]1(dΘ)dα

= −(−1)n+1−a((−1)n+1−aι̃]1(dΘ)η + ι]n(dα)£]n(β)dΘ)

+ dι]n(β)ι̃]1(dΘ)dα

= ι̃]1(dΘ)£]n(dα)β − (−1)n+1−aι]n(dα)£]n(β)dΘ + dι]n(β)ι̃]1(dΘ)dα.

Now it only remains to rewrite ι̃]1(dα)£]n(dα)β = −ι£]n(dα) ]̃1(dΘ)β+£]n(dα)ι̃]1(dΘ)β

to get

ι̃]1(d{α,Θ})β = −ι£]n(dα) ]̃1(dΘ)β + £]n(dα)ι̃]1(dΘ)β

− (−1)n+1−aι]n(dα)£]n(β)dΘ + dι]n(β)ι̃]1(dΘ)dα

= −ι£]n(dα) ]̃1(dΘ)β,

finishing the proof.

Now we turn into studying its properties under contraction by vector fields.

2650243-24

In
t. 

J.
 G

eo
m

. M
et

ho
ds

 M
od

. P
hy

s.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 R

ub
én

 I
zq

ui
er

do
 o

n 
08

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 24, 2026 19:3 WSPC/S0219-8878 IJGMMP-J043 2650243

Classical field equations using extensions of graded Poisson brackets

Proposition 3.2.2. Let α be an a-form taking values in (S1)∧a and let X ∈ X(M).

Then, ιXα ∈ (S1)∧(a−1) and ]̃1(ιXα) = −ιX ]̃1(α), where contraction is interpreted

as ιX(θ ⊗ u) = (ιXθ)⊗ u.

Proof. Indeed, let α = θ1 ∧ · · · ∧ θa, where θi ∈ S1 for every i = 1, . . . , a. Then

]̃1(θ1 ∧ · · · ∧ θa) = (−1)a+1
∑a
j=1(−1)j+1θ1 ∧ · · · ∧ θ̂j ∧ · · · ∧ θa ⊗ ]1(θj), so that

ιX]1(θ1 ∧ · · · ∧ θa)

= (−1)a+1
a∑
j=1

∑
i<j

θi(X)θ1 ∧ · · · ∧ θ̂i ∧ · · · ∧ θ̂j ∧ · · · ∧ θa ⊗ ]1(θj)

+ (−1)a
a∑
j=1

∑
i>j

θi(X)θ1 ∧ · · · ∧ θ̂j ∧ · · · ∧ θ̂i ∧ · · · ∧ θa ⊗ ]1(θj).

Now, ιX(θ1 ∧ · · · ∧ θa) =
∑a
i=1(−1)j+1θi(X)θ1 ∧ · · · ∧ θ̂i ∧ · · · ∧ θa and

]̃1(ιX(θ1 ∧ · · · ∧ θa))

= (−1)a
a∑
i=1

∑
j>i

θi(X)θ1 ∧ · · · ∧ θ̂i ∧ · · · ∧ θ̂j ∧ · · · ∧ θa ⊗ ]1(θj)

+ (−1)a+1
a∑
i=1

∑
j<i

θi(X)θ1 ∧ · · · ∧ θ̂j ∧ · · · ∧ θ̂i ∧ · · · ∧ θa ⊗ ]1(θj),

which finishes the proof.

Theorem 3.2.2. The extension of the graded Poisson bracket on a graded Dirac

manifold defined by the extension ]̃1 satisfies the following properties:

(i) It is graded-skew-symmetric.

(ii) It satisfies invariance by symmetries: If £XΘ = 0, for some vector field X ∈
X(M) and differential form Θ ∈ Ωa−1

H (M)[1], then {α, ιXΘ} = −ιX{α,Θ}.
(iii) It satisfies the (graded) Jacobi identity for α, β ∈ Ωn−1

H (M), and Θ ∈
Ωa−1
H (M)[1] up to an exact term:

{α, {β,Θ}}+ {Θ, {α, β}}+ {β, {Θ, α}} = exact form.

(iv) It satisfies the Leibniz identity, for α ∈ Ωn−1
H (M), Θ1 ∈ Ωa1−1

H (M)[1] and

Θ2 ∈ Ωa2−1
H (M)[1], we have

{α,Θ1 ∧ dΘ2} = {α,Θ1} ∧ dΘ2 + (−1)a1dΘ1 ∧ {α,Θ2}.

Proof. (i) It is satisfied by definition.
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(ii) Indeed, suppose £XΘ = dιXΘ + ιXdΘ = 0. Then, for every α ∈ Ωn−1
H (M),

we have

{α, ιXΘ} = (−1)degH Θ+1ι̃]1(dιXΘ)dα = (−1)degH Θι̃]1(ιXdΘ)dα

= −(−1)degH ΘιιX ]̃1(dΘ)dα = −(−1)degH ΘιX ι̃]1(dΘ)dα

= −ιX{α,Θ},

where in the third equality we have used Proposition 3.2.2.

(iii) Finally, for α, β ∈ Ωn−1
H (M) and Θ ∈ Ωa−1

H (M)[1], we have

{{α, β},Θ} = (−1)n−aι̃]1(dΘ)d{α, β} = −ι]n(d{α,β})dΘ = ι[]n(dα),]n(dβ)]dΘ

= £]n(dα)ι]n(dβ)dΘ− ι]n(dβ)£]n(dα)dΘ

= dι]n(dα)ι]n(dβ)dΘ + ι]n(dα)dι]n(dβ)dΘ− ι]n(dβ)dι]n(dα)dΘ

= dι]n(dα)ι]n(dβ)dΘ + {{Θ, β}, α} − {{Θ, α}, β},

frow which Jacobi identity follows.

(iv) First notice, as dΘi ∈ (S1)∧ai that we have dΘ1∧dΘ2 ∈ (S1)∧(a1+a2). Now,

we have

{α,Θ1 ∧ dΘ2} = (−1)degH(Θ1∧dΘ2)ι̃]1(dΘ1∧dΘ2)dα = −ι]n(dα)(dΘ1 ∧ dΘ2)

= −{Θ1, α} ∧ dΘ2 + (−1)a1+1dΘ1 ∧ {Θ2, α}

= {α,Θ1} ∧ dΘ2 + (−1)a1dΘ1 ∧ {α,Θ2}.

Remark 3.2.4. Note that we cannot use the values of ]̃1 to define a bracket on

Ωa−1
H (M)⊗ Ωb−1

H M [1]
{·,·}−−−→ Ωa+b−(n+1)(M)

for a < n, as it would be trivially zero.

3.3. Last step: Extension of ]a to a suitable family of forms

For the sake of exposition, let us first discuss how to extend the brackets of the

previous step to a bracket {α,Θ}, where α ∈ Ωn−2
H (M) and Θ ∈ Ωa−1

H (M)[1].

Following the proposed approach, we would need to find an extension

]̃2 : (S1)∧a →
a−2∧

M ⊗
∨
n−1

M/Kn−1.

In order to define the new extension by Eq. (3), we need to ask that for compatibility

with ]̃1, so that we require ]̃1 = ]̃2∧11 (following the same idea behind the formula

in Remark 3.1.3), where the exterior product is understood component wise. An
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analogous computation to that in Lemma 3.1.1 shows that the previous requirement

is equivalent to ]̃2 satisfying

ι̃]2(Θ)α = ι̃]1(Θ)α.

It could happen that such extension does not exist and thus, we need to restrict to

the following subspace, which we shall assume to be a subbundle:

Sa[2] =

{
Θ ∈ (S1)∧a : ∃ ]̃2(Θ) ∈

a−2∧
M

⊗
∧
n−1

M/Kn−1 with ι̃]2(Θ)α = ι̃]1(Θ)α, ∀α ∈ S
n

}
.

Following the notation of the previous section, we obtain a bracket

Ωn−2
H (M)⊗ Ωa−1

H (M)[2]⊗
{·,·}

]̃2−−−−→ Ωa−2(M),

where

Ωa−1
H (M)[2] := {α ∈ Ωa−1(M) : dα ∈ Sa[2]}, {α,Θ}]̃2 = (−1)degH Θι̃]2(Θ)dα.

We now proceed iteratively and define

Sa[j] :=

{
Θ ∈ (S1)∧a : ∃ ]̃j(Θ) ∈

a−j∧
M

⊗
∧

n+1−j
M/Kn+1−j with ι̃]j(Θ)α = ι̃]1(Θ)α, ∀α ∈ S

n

 (6)

and then choose a map

]̃j : Sa[j]→
a−j∧

M ⊗
∨

n+1−j
M
/
Kn+1−j ,

that is compatible with all the previous choices ]̃1, ]̃2, . . . , ]̃j−1 (compatible meaning

]̃i = C(i, j)̃]j ∧ 1j−i, for a suitable constant C(i, j) to be specified later) to then

extend the bracket to

Ωn−jH (M)⊗ Ωa−1
H (M)[j]

{·,·}−−−→ Ωa−j(M), {α,Θ}]̃j := (−1)degH Θι̃]j(dΘ)dα,

(7)

where

Ωa−1
H (M)[j] = {Θ ∈ Ωa−1(M) : dΘ ∈ Sa[j]} (8)

with a ≥ j. The following diagram represents the pairs of forms on which we can

evaluate the bracket given the extension ]̃j , extending by skew-symmetry and using
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Eq. (7):

Brackets defined by ]̃j

ord α

ord β

The previous discussion motivates the following definition.

Definition 3.3.1 (Extension). A collection of maps

]̃i : S
a[i]→

a−i∧
M ⊗

∨
n+1−i

M/Kn+1−i

for a ≥ i is called an extension of ]i if we have ]̃1 = ]̃i ∧ 1i−1 (so that the compati-

bility condition is satisfied).

Remark 3.3.1. The reader may notice that the definition of the bundle Sa[j]

does not depend on the mappings ]̃2, . . . , ]̃j−1, and may correctly point out that an

extension of ]̃j defined in the whole bundle Sa[j] that is compatible with the pre-

vious extensions may not exist. This would mean that an extension of the brackets

(following our construction) compatible with the previous extensions is not possible.

Let us give some initial results concerning these vector subbundles.

Lemma 3.3.1. Let V be a finite dimensional vector space and let 1a denote the

identity on
∧a

V ∗ ⊗
∧a

V . Then,

1a ∧ 1b =

(
a+ b

a

)
1a+b.

Proof. Let {ei} denote a basis of V so that

1a = ei1,...,ia ⊗ ei1,...,ia , 1b = ei1,...,ib ⊗ ei1,...,ib .
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Hence,

1a ∧ 1b = ei1,...,ia,j1,...,jb ⊗ ei1,...,ia,j1,...,jb = δĨJ̃µ̃ δν̃
ĨJ̃
eµ̃ ⊗ eν̃ =

(
a+ b

a

)
1a+b,

which ends the proof.

Proposition 3.3.1. For (M,Sa, ]a) a regular graded Dirac manifold we have the

following:

(i) Let ]̃j : Sa[j] →
∧a−j

M ⊗
∨
n+1−jM/Kn+1−j be a vector bundle map satis-

fying ι̃]j(α)β = ι̃]1(α)β for every β ∈ Sn. Then, there exists a unique extension

]̃i : Sa[j] →
∧a−i

M ⊗
∨
n+1−iM

/
Kn+1−i, for 1 ≤ i < j, satisfying the fol-

lowing two properties:

(a) For every γ ∈ Sn+1−i and α ∈ Sa[j], we have

ι̃]i(α)γ =

(
j − 1

j − i

)
ι̃]j(α)γ;

(b) For every β ∈ Sn, and α ∈ Sa[j], we must have ι̃]i(α)β = ι̃]1(α)β.

(ii) Sa[j + 1] ⊆ Sa[j], for 1 ≤ j < n and 1 ≤ a.

(iii) For X ∈ X(M), we have ιX : Sa[j] → Sa−1[j − 1] for every a > n and

2 ≤ j ≤ n.

Proof. (i) Let α ∈ Sa[j]. Then, we can define a map Sn+1−i →
∧a−i

M

by γ 7→
(
j−1
j−i
)−1

ι̃]j(α)γ. Taking the adjoint of this map, we obtain an element

]̃i(α) ∈
∧a−i

M ⊗
∨
n+1−iM

/
Kn+1−i. This clearly satisfies the first property. In

order to check the second, let us recall that the compatibility conditions read as

]̃1 = ]̃i ∧ 1i−1,

which holds in this case since we have ]̃i =
(
j−1
j−i
)−1

]̃j ∧ 1j−i (by Lemma 3.3.1),

1j−i ∧ 1i−1 =
(
j−1
j−i
)
1j−1, and ]̃1 = ]̃j ∧ 1j−1.

(ii) The construction applied in item (i) clearly proves the inclusion.

(iii) Let α ∈ Sa[j], so that there exists ]̃j(α) ∈
∧a−j

M ⊗
∨
n+1−jM

/
Kn+1−j

such that ι̃]j(α)β = ι̃]1(α)β for every β ∈ Sn. Define ]̃j−1(ιXα) := −ιX ]̃j−1(α) −
(−1)a−j ]̃j(α)∧X, where ]̃j−1(α) denotes the unique extension of ]̃j(α) from item (i).

Then, for arbitrary β ∈ Sn we have

ι̃]j(ιxα)β = −ιιX ]̃j(α)β − (−1)a−j ι̃]j(α)∧Xβ = −ιιX ]̃j(α)β − (−1)n+1+aι̃]j(α)ιXβ

= −ιX(ι̃]j(α)β) + (−1)n+1+aι̃]j(α)ιXβ − (−1)n+1+aι̃]j(α)ιXβ

= −ιX(ι̃]1(α)β) = −ιιX ]̃1(α)β

= ι̃]1(ιXα)β,

where in the last equality we have used Proposition 3.2.2.
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Let m = dimM . Then, Proposition 3.3.1 gives the following picture of the

subbundles Sa[j] and the relations between them:

Sm[n] Sm[n− 1] · · · Sm[j] Sm[j − 1] · · · Sm[1]

...
...

. . .
...

...
. . .

...

Sa[n] Sa[n− 1] · · · Sa[j] Sa[j − 1] · · · Sa[1]

Sa−1[n] Sa−1[n− 1] · · · Sa−1[j] Sa−1[j − 1] · · · Sa−1[1]

...
...

. . .
...

...
. . .

...

Sn+1[n] Sn+1[n− 1] · · · Sn+1[j] Sn+1[j − 1] Sn+1[1]

ιTM ιTM ιTM
ιTM

ιTM ιTM ιTM ιTM

ιTM ιTM ιTM ιTM

.

We have horizontal arrows representing inclusions from item (ii), and diagonal

arrows representing contraction by vector fields from item (iii).

Therefore, by Proposition 3.3.1, we can only hope of finding a global extension

if we define a final vector bundle map ]̃n : Sa[n]→
∧a−n

M ⊗ TM/K1, for a ≥ n.

Then, we may obtain the associated extensions as

]̃i =

(
n− 1

n− i

)−1

]̃n ∧ 1n−i (9)

and defining the space of Hamiltonian forms as

Ωa−1
H (M)[n] :=

Ωa−1
H (M) a ≤ n− 1,

{α ∈ Ωa(M) : dα ∈ Sa[n]} a ≥ n,

we may define a bracket

Ωa−1(M)[n]⊗ Ωb−1(M)[n]
{·,·}

]̃n−−−−→ Ωa+b−(n+1)(M),

as follows:

{Θ1,Θ2}]̃n :=

{Θ1,Θ2} if deg Θ1,deg Θ2 ≤ n− 1,

(−1)degH Θ2 ι̃]n(dΘ2)dΘ1 if deg Θ2 ≥ n.
. (10)

Remark 3.3.2. We will give dynamical interpretation of all possible extensions

(compatible with a fibered structure and restricted to certain subfamily) in the

following section (see Theorem 4.1.2).

Suppose that a final extension is chosen, ]̃n : Sa[n] →
∧a−n

M ⊗ TM/K1. We

now turn into the discussion of how many properties of Definition 2.1.2 remain valid

for the bracket {·, ·}]̃n , depending on the particular extension ]̃n chosen. Unlike

the bracket induced from ]̃1, these extensions do not satisfy all the properties of
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Definition 2.1.2. Nevertheless, we can give sufficient conditions on the map ]̃n so

that these are satisfied:

Theorem 3.3.1. Let ]̃n : Sa[n] →
∧n−a

M ⊗ TM/K1 be an extension of ]n and

denote by {·, ·}]̃n the induced bracket on ΩaH(M)[n]. Then it satisfies the following

properties:

(i) We have {α,Θ}]̃n = −(−1)degH α degH Θ{Θ, α}]̃n for α ∈ ΩaH(M) usual Hamil-

tonian form and Θ ∈ ΩbH(M)[n].

(ii) If ]̃n satisfies ]̃n−1(ιXα) := −ιX ]̃n−1(α)−(−1)a−n]̃n(α)∧X, where ]̃n−1 is the

unique extension given by item (i) of Proposition 3.3.1, it satisfies invariance

by symmetries: For X ∈ X(M), if £XΘ = 0, then {Θ1, ιXΘ2} = −ιX{Θ1,Θ2}
for every Θ1 ∈ Ωa(M)[n], with a ≥ 2.

(iii) If ]̃n(d{α,Θ1}) = −£]n(dα)]̃n(dΘ1), then it satisfies a Jacobi identity:

{α, {Θ1,Θ2}}+ {Θ2, {α,Θ1}}+ {Θ1, {Θ2, α}} = exact form

for α ∈ Ωn−1
H (M), Θ1 ∈ Ωa1(M)[n] and Θ2 ∈ Ωa2(M)[n].

Proof. (i) Graded skew-symmetry is given by definition.

(ii) Follows from a similar computation to that done in item (iii) of Proposition

3.3.1.

(iii) Again, follows from a similar computation from item (iii) of Theorem 3.2.2.

4. Dynamics on Fibered Graded Dirac Manifolds

In this section, we apply the constructions of the previous section to define dynamics

and study the evolution of arbitrary forms.

4.1. Fibered extensions, Hamiltonians and Hamilton–De

Donder–Weyl equations

Let us first give a description of dynamics on graded Dirac manifolds, defining

the equations of classical field theories in terms of Poisson brackets. We first need

to define what we understand by a Hamiltonian, the object that will define the

dynamics.

Let τ : M → X be a fibered graded Dirac manifold (see Definition 2.3.2), whose

] morphisms we denote by

]a : Sa →
∨

n+1−a
M/Kn+1−a.

We denote by ]̃1 the extension defined in Theorem 3.2.1 and by 1n the identity on∧n
M ⊗

∨
nM .
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Definition 4.1.1 (Hamiltonian). A Hamiltonian is an n-form H ∈ ΩnH(M)[n]

such that −]̃1(dH) + 1n is a semi-basic form that satisfies ι−]̃1(dH)+1n
ω = ω for

every semi-basic n-form ω.

Remark 4.1.1. Recall that ]̃1(dH) is an n-multivector valued n-form, so that the

expression in the above definition makes sense. Also, it still makes sense to talk

about the notion of semi-basic (as well as that of r-horizontal) multi-vector valued

forms.

Remark 4.1.2. The last condition ι−]̃1(dH)+1n
ω = ω is equivalent to ι̃]1(dH)ω = 0

for every semi-basic n-form ω.

Remark 4.1.3. Note that Sn contains all semi-basic n-forms over X, so that Kn is

contained in the space of 1-vertical multivectors, namely those multivectors taking

values in 〈ker dτ ∧
∨
p−1M〉. Hence, it still makes sense to consider vertical valued

sections of
∨
nM/Kn.

Example 4.1.1. Let π : Y → X be a fibered manifold. Let
∧n

2 Y be endowed with

its canonical multisymplectic structure and reduce it, following Example 2.3.1, to

a fibered graded Dirac (in fact, Poisson) structure on τ :
∧n

2 Y
/∧n

1 Y → X. Then,

given a section h :
∧n

2 Y
/∧n

1 Y →
∧n

2 Y , we have that H := h∗Θ is a Hamiltonian

for the corresponding graded Poisson structure on M =
∧n

2 Y
/∧n

1 Y . Indeed, in

canonical coordinates, we have Sn = 〈dnx,dyi ∧ dn−1xµ,dp
µ
i ∧ dn−1xµ〉 and

]n(dnx) = 0, ]n(dyi ∧ dn−1xµ) = − ∂

∂pµi
, ]n(dpµi ∧ dn−1xµ) =

∂

∂yi
.

An immediate computation shows H = Hdnx− pµi dyi ∧ dn−1xµ so that

dH =
∂H

∂yi
dyi ∧ dnx+

∂H

∂pµi
dpµi ∧ dnx− dpµi ∧ dyi ∧ dn−1xµ.

We have (for complete details regarding these computations, we refer to Sec. 5)

]̃1(dH) =
1

n

∂H

∂yi
dnx⊗ ∂

∂pµi
∧ ∂n−1

∂n−1xµ
− ∂H

∂pµi
dnx⊗ ∂

∂yi
∧ ∂n−1

∂n−1xµ

+ dyi ∧ dn−1xµ ⊗
∂

∂yi
∧ ∂n−1

∂n−1xµ
+

1

n
dpµi ∧ dn−1xµ ⊗

∂

∂pµi
∧ ∂n−1

∂n−1xµ
.

Therefore, −]̃1(dH) + 1n takes the expression

− 1

n

∂H

∂yi
dnx⊗ ∂

∂pµi
∧ ∂n−1

∂n−1xµ
+
∂H

∂pµi
dnx⊗ ∂

∂yi
∧ ∂n−1

∂n−1xµ
+ dnx⊗ ∂n

∂nx
,

which is clearly semi-basic and satisfies ι−]̃1(dH)+1n
dnx = dnx, proving that it is a

Hamiltonian in the sense of Definition 4.1.1.

Now, since −]̃1(dH)+1n is semi-basic over X, this allows us to define dynamics

as follows.
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Definition 4.1.2 (Hamilton-De Donder-Weyl equations for H). We define

the Hamilton–De Donder–Weyl equations for a section ψ : X →M as

ψ∗(dα) = ψ∗(dα+ {α,H}) = ψ∗(ι−]̃1(dH)+1n
dα)

for every α ∈ Ωn−1
H (M).

Remark 4.1.4. Note that, by definition of the Hamiltonian H, we have that the

form dα + {α,H} is semi-basic over X. Hence, it may be interpreted as a map

M →
∧n

X, ∧n
M

M
∧n

X

dα+{α,H}
,

so that we may write ψ∗(dα + {α,H}) = (dα + {α,H}) ◦ ψ. In this way, the

Hamilton–De Donder–Weyl equations read as

ψ∗(dα) = (dα+ {α,H}) ◦ ψ

for every α ∈ Ωn−1
H (M), which generalizes the equation df

dt = ∂f
∂t + {f,H} from

classical mechanics. From now on, we will write the equations in this way.

Remark 4.1.5. Note that the condition ι−]̃1(dH)+1n
ω = ω guarantees that for

basic (n− 1)-forms ω, we obtain dω + {ω,H} = dω, so that the evolution of basic

forms is always determined, as it should be.

Example 4.1.2. Let us write the equations for the Hamiltonian of Example 4.1.1.

Note that we have

{α,H} = (−1)degH Hι̃]1(dH)dα = −ι̃]1(dH)dα.

Taking α to be yidn−1xµ and pµi dn−1xµ we obtain

{yidn−1xµ,H} =
∂H

∂pµi
dnx− dyi ∧ dn−1xµ,

{pµi dn−1xµ,H} = −∂H
∂yi

dnx− dpµi ∧ dn−1xµ,

so that the equations determined by H for a section ψ : X → M given locally by

yi(x) and pµi (x) read

∂yi

∂xµ
dnx = ψ∗(dyi ∧ dn−1xµ) = (dyi ∧ dn−1xµ + {yidn−1xµ, H}) ◦ ψ =

∂H

∂pµi
dnx

∂pµi
∂xµ

dnx = ψ∗(dpµi ∧ dn−1xµ) = (dpµi ∧ dn−1xµ + {pµi dn−1xµ,H}) ◦ ψ = −∂H
∂yi

dnx,

recovering the well-known Hamilton–De Donder–Weyl equations of classical field

theories.
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In many cases, it will be interesting to have a linearized version of a solution.

This corresponds to the following definition.

Definition 4.1.3 (Linear solution). A linear solution is a connection (given by

a horizontal lift) on τ : M → X, h, such that

h∗(dα) = dα+ {α,H}]̃1
for every α ∈ Ωn−1

H (M).

Regarding the extensions studied in Sec. 3.3, we have the following proposition.

Proposition 4.1.1. Let H be a Hamiltonian on a regular graded Dirac manifold

of order n, (M,Sa, ]a). Then, given an extension

]̃n : Sn+1[n]→ T ∗M ⊗ TM/K1

of ]n in such a way that ]̃n(dH) takes vertical values, we have that −]̃n(dH) + 11

is semi-basic and that ι−]̃n(dH)+11
ω = ω for every semi-basic 1-form ω.

Proof. Let α ∈ Sn and u ∈
∨
n−1M . Then, since −]̃1(dH) + 1n is semi-basic,

−ι̃]n(dH)α+α is semi-basic (since we have ι̃]1(dH)α = ι̃]n(dH)α, by the compatibility

condition). Contracting by u preserves the semi-basic character, so that

ιu(−ι̃]n(dH)α+ α) = −ιuι̃]n(dH)α+ ιuα

= −ι̃]n(dH)ιuα+ ιuα+ ιι
]̃n(dH)

uα

is semi-basic. The proof will be finished once we show that the last term ιι
]̃1(dH)

uα

also is. Indeed, since ]1(dH) takes vertical values, ι̃]1(dH)u is at least 1-vertical and,

together with the fact that α is at most (n− 1)-horizontal, implies that ιι
]̃1(dH)

uα

is semi-basic, which finishes the proof. The fact that ι−]̃n(dH)+1ω = ω for every

semi-basic 1-form ω follows from ]̃n taking vertical values.

We now deal with the problem of interpreting the possible extensions of the

brackets in terms of the dynamics determined by a Hamiltonian.

Fix a Hamiltonian H and an extension ]̃n that satisfies the hypotheses of Propo-

sition 4.1.1. Then, we get a map

S1 → τ∗(T∗X), θ 7→ θ − ι̃]n(dH)θ.

that is the identity on semi-basic forms. Taking the adjoint, we obtain a vector

bundle map

γH : τ∗(TX)→ TM/K1,

such that τ∗ ◦ γH = idTX (recall that the projection is well-defined modulo Kp).

This map can be thought of as the horizontal lift of a connection “up to K1”.

This connection will solve the Hamilton–De Donder–Weyl equations. We have the

following result formalizing the previous idea.
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Proposition 4.1.2. Let h be the horizontal lift of an Ehresmann connection on

τ : M → X. If its horizontal lift modulo K1 coincides with γH, we have that h

solves the Hamilton–de Donder–Weyl equations determined by H.

Proof. Since the horizontal lift of h coincides with γH modulo K1, we have h∗θ =

θ − ι̃]n(dH)θ for every θ ∈ S1. Therefore, we can write

h∗(θ1 ∧ · · · ∧ θa) = h∗θ1 ∧ · · · ∧ h∗θa

= (θ1 − ι̃]n(dH)θ1) ∧ · · · ∧ (θa − ι̃]n(dH)θa)

for θ1, . . . , θa ∈ S1. Hence, since ]̃n takes vertical values, if every form θ1, . . . , θa
but possibly one is semi-basic, we may write

h∗(θ1 ∧ · · · ∧ θa) = θ1 ∧ · · · ∧ θa − ι̃]n(dH)(θ1 ∧ · · · ∧ θa).

In particular, letting a = n and α ∈ Sn we have (employing the fact that ]̃n is

an extension) h∗α = α − ι̃]n(dH)α = α − ι̃]1(dH)α, which clearly implies h∗(dα) =

dα+ {α,H} for every α ∈ Ωn−1
H (M), finishing the proof.

Notice that the previous computation works for any form α ∈ Sa, and for

arbitrary a, so that we have that suitable extensions of the brackets give a possible

evolution of arbitrary forms, that is, if we denote by {·, ·}]̃n the induced bracket by

the extension ]̃n (see Eq. (10)), we have the following theorem.

Theorem 4.1.1. Let ]̃n be an extension that takes vertical values, H ∈ Ωn(M)[n] be

a Hamiltonian and h be a horizontal lift of an Eheresmann connection whose vertical

lift is γH modulo K1. Then, h solves the Hamilton–De Donder–Weyl equations

determined by H and we have

h∗H(dα) = dα+ {α,H}]̃n
for any α ∈ Ωa−1

H (M), with 1 ≤ a ≤ n.

Proof. From the previous computation, for α ∈ Ωa−1
H (M) we have

h∗(dα) = dα− ι̃]n(dH)dα = dα+ {α,H}]̃n .

We would like to end this discussion with the following result, which gives the

relation between the possible extensions and the possible choices of solutions. Before

stating and proving it first note that the space of Hamiltonians is affine, and so is

the space of Ehresmann connections. Furthermore, if we are exclusively interested

in studying the equations defined by Hamiltonians, we can restrict to those forms

whose exterior derivative takes values in the following subbundle:

Γ := {α ∈ Sn+1[n] : −]̃1(α) + 1n = semi-basic}

and study extensions of the ] maps defined only on Γ.
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Theorem 4.1.2. Suppose that, locally, Sn = 〈dα1, . . . ,dαk〉, for certain Hamilto-

nian forms α1, . . . , αk. Then, there is a bijective correspondence between vertical

valued extensions ]̃n defined on Γ and the family of affine maps

γ : {Hamiltonians} → {Horizontal lifts modulo K1},

satisfying the following two properties:

(i) If dH1|x = dH2|x, then γH1
|x = γH2

|x.

(ii) If h is a connection such that its horizontal lift coincides with γ(H) modulo K1,

then h solves the Hamilton–De Donder–Weyl equations.

Proof. First, given the vertical extension of ]̃n, we obtain the corresponding map

γ as before, that is, noticing that the map

df 7→ df + {f,H} = df − ι̃]n(dH)df

defines a map S1 → S1 that takes values in semi-basic forms. By taking the adjoint

we obtain the corresponding horizontal lift. Conversely, let γ be such a map and,

for every Hamiltonian H ∈ ΩnH(M)[n] define ]̃n(dH) to be the (1, 1) tensor field

defined by

ι̃]n(dH)df = df − h∗df,

where h is the horizontal lift associated to the connection γ(H). The first required

property on γ implies that it defines an extension

]̃n : Γ→ T∗M ⊗ TM/K1

and the fact that γ(dH) solves the Hamilton–De Donder–Weyl equations, together

with the assumption that Sn is generated by the exterior differential of Hamiltonian

forms, implies that

]̃1 = ]̃n ∧ 1n−1,

so that it defines an extension of the brackets.

4.2. Differential forms with defined evolution

We have shown in Sec. 4.1 that extensions of brackets define linear solutions for

every possible choice of Hamiltonian in a way such that the expression dα+{α,H}]̃n
gives a possible evolution of the form α. Thus, if we identify the subfamily of Hamil-

tonian forms for which dα + {α,H}]̃n is independent of the particular extension

]̃n, we are identifying the family of forms that have defined evolution, for every

solution of Hamilton–De Donder–Weyl equations.

Theorem 4.2.1. Let (τ : M → X,Sa, ]a) be a fibered graded Dirac manifold. Let

H ∈ ΩnH(M)[n] be a Hamiltonian and let γ ∈ Ωa−1(M) be a form such that there
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exists a semi-basic form β ∈ Ωa(M) with

h∗(dγ) = β

for every linear solution of Hamilton-De Donder-Weyl equations h. Then, γ ∈
Ωa−1
H (M) and it satisfies:

γ ∧ ε ∈ Ωn−1
H (M)

for every basic closed form ε ∈ Ωn−a(M).

Proof. Let us begin with the case a = n.

Lemma 4.2.1. Let γ ∈ Ωn−1(M) be an (n−1)-form and β ∈ Ωn(M)be a semi-basic

n-form such that h∗(dγ) = β for every solution of the Hamilton–de Donder–Weyl

equations determined by a Hamiltonian H ∈ ΩnH(M)[n]. Then γ ∈ Ωn−1
H (M).

Proof. The space of linear solutions is defined as those connections (given by a

horizontal lift) h such that h∗(dα) = dα + {α,H} for every α ∈ Ωn−1
H (M). Let us

define, for each α ∈ Sn,

Φα : {horizontal lifts} →
n∧

T∗X, h 7→ h∗(α)− (α− ι̃]n(dH)α).

Hence, if h is a horizontal lift such that Φα(h) = 0 for every α ∈ Sn, we have that

h solves the equations defined by H. Also note that each Φα is an affine map. Now

let γ ∈ Ωn−1(M) and β ∈ Ωn(M) be such that h∗(dγ) = β for every solution of the

Hamilton–De Donder–Weyl equations. Define

ϕ : {horizontal lifts} →
n∧

T∗X, h 7→ h∗(dα)− β.

Then ϕ is identically zero on
⋂
α∈Sa Φ−1

α (0). Since ϕ is affine and
⋂
α∈Sa Φ−1

α (0) 6=
∅, we have that ϕ ∈ 〈Φα : α ∈ Sn〉, which means that there is an α ∈ Sn such that

ϕ = Φα. This immediately implies dγ = α ∈ Sn, proving that γ is Hamiltonian.

Now, for arbitrary a, let γ ∈ Ωa−1(M) and β ∈ Ωa(M) semi-basic such that

h∗(dγ) = β for every solution of the Hamilton–De Donder–Weyl equations. Let

ε ∈ Ωn−a(M) be closed and basic. Then,

h∗(d(γ ∧ ε)) = β ∧ ε,

so that, by Lemma 4.2.1, γ ∧ ε ∈ Ωn−1
H (M) for every closed and basic (n− a)-form

ε. Hence, dγ ∧ ε ∈ Sn for every basic (not necessarily closed) (n − a)-form ε. The

proof will be finished once we show that dα ∈ Sa, which will be a consequence of

the following lemma.

Lemma 4.2.2. Let V be a finite dimensional vector space, together with a surjective

linear mapping τ : V → X, with dimX = n. Let Sn ⊆
∧n

V ∗ be a subspace
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consisting of (n−1)-horizontal forms and such that τ∗(
∧n

X∗) ⊆ Sn. If γ ∈
∧a

V ∗

is such that γ ∧ ε ∈ Sn for every basic ε, then γ ∈ 〈ι∧n−a V Sn〉.
Proof. Let eµ, ei denote a basis of V adapted to τ , so that τ(eµ) = eµ and

τ(ei) = 0. Suppose

Sn = 〈τ∗ω, α1, . . . , αk〉,

where ω is the volume form on X satisfying ω(e1, . . . , en) = 1, and αj = Aµjiωµ∧ei,
where ωµ = ιeµω. Without loss of generality, we can assume that γ takes the

expression

γ = γµ1,...,µn+1−aωµ1,...,µn+1−a ∧ ei,

where ωµ1,...,µn+1−a = ιeµ1∧···∧eµn+1−a
ω. The condition that ε ∧ γ ∈ Sn for each

basic (n − a) ε reads using the basis as γµ1,...,µn+1−aωµn+1−a ∧ ei ∈ Sn which is

equivalent to the existence of certain constants Bj,µ1,...,µn−a such that

γµ1,...,µn+1−aωµn+1−a ∧ ei = Bj,µ1,...,µn−aαj = Bj,µ1,...,µn−aA
µn+1−a
ji ωµn+1−a ∧ ei.

Let uj := Bj,µ1,...,µn−aeµ1 ∧ · · · ∧ eµn−a . Then, the previous conditions read as

γ = ιujαj , which finishes the proof.

In fact:

Theorem 4.2.2. If α ∈ Ωa−1
H (M) is a Hamiltonian form such that

α ∧ ε ∈ Ωn−1
H (M)

for every closed basic ε ∈ Ωn−a(M), then {α,H}]̃n does not depend on the choice

of ]̃n, for any Hamiltonian H, if ]̃n takes vertical values.

Proof. Observe that

{α ∧ ε,H}]̃1 = {α ∧ ε,H}]̃n = {α,H}]̃n ∧ ε,

for any closed and basic ε ∈ Ωn−1−a(M). Since an (a+ 1)-horizontal form is deter-

mined by its wedge product with all possible (n− 1− a)-basic forms, we conclude

that

{α,H}]̃n

is independent of the choice of ]̃n, as it only depends on ]̃1.

The previous two results motivate the following definition.

Definition 4.2.1 (Special Hamiltonian form). A Hamiltonian form α ∈
Ωa−1
H (M) is called special Hamiltonian if α ∧ ε ∈ Ωn−1

H (M) for every basic closed

(n− a)-form ε. We denote by Ω̃a−1
H (M) the space of special Hamiltonian forms.
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Remark 4.2.1. This gives a method of finding arbitrary (a−1)-horizontal a-forms

that have a defined evolution. In particular, it allows us to look for forms that are

closed on arbitrary solutions of the classical field equations, since we have clear

candidates. We will apply this method in the following section.

To end this section, we prove that the space of special Hamiltonian forms defines

a subalgebra.

Theorem 4.2.3. Let (τ : M → X,Sa, ]a) be a fibered graded Dirac manifold. Then,

special Hamiltonian forms define a graded subalgebra.

Proof. The proof will follow from the following observation.

Lemma 4.2.3. For each special Hamiltonian form α ∈ Ω̃a−1
H (M) there is a multi-

vector field Uα ∈ Xn+1−a(M) such that ]a+b(dα ∧ ε) = C(α, ε)ιεUα +Kn+1−(a+b),

for each closed and basic b-form ε and for certain nonzero constant C(α, ε).

The constant is chosen so that, for b = 0 (hence a function), we have that

]a(dα) = Uα +Kn+1−a.

Proof. From the computations in Lemma 4.2.1, it is an straightforward computa-

tion to show the following. Let α ∈ Ω̃a−1
H (M) be a special Hamiltonian form (hence

Hamiltonian), and let α1, . . . , αk denote local generators of Sn. Let Bj , j = 1, . . . , k

be the multivector fields built in said lemma, such that

dα = ιBjαj .

Then, for every semi-basic b-form ε we have that there exists a nonzero number

C(a, b) such that dα ∧ ε = C(a, b)ιιεBjαj .

Now, define, for this same α, the following map:

n−a∧
T ∗X → Sn → TM, ε 7→ ]n(dα ∧ ε).

Taking the adjoint (see Remark 3.1.1), we obtain an element Ûα ∈
∨
n−aX ⊗ TM

that, by definition satisfies

ιεÛα = ]n(dα ∧ ε),

where the contraction is understood in the first component. Since ] takes vertical

values in TM , if we define Uα to be the element obtained by exterior multiplication∨
n−a

X ⊗ TM →
∨

n+1−a
M/{2-vertical multivectors},

we still have ιεUα = ]n(dα ∧ ε) for every basic (n − a)-form ε. Note here that

contraction makes sense, as it is defined as well modulo 2-vertical multivector fields.
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From the computation above we get

]n(dα ∧ ε) = C(a, n− a)]n(αj) ∧ (ιεB
j),

so that

Uα = (−1)n−aC(a, n− a)]n(αj) ∧Bj .

It is clear, using the relation above and Remark 2.1.7 (also that ]n(αj) is vertical),

that this multivector satisfies the desired equality. In order to obtain the correct

constant, we multiply by C(a, n− a)−1, finishing the proof.

Now, let α ∈ Ω̃aH(M) and β ∈ Ω̃bH(M) be special Hamiltonian forms. Let us

show that {α, β}∧ε takes values in Ωn−1
H (M) for every closed and basic ε of suitable

degree. Using the multivector field from Lemma 4.2.3, notice that for a closed and

basic 1-form ε we have the following:

{α ∧ ε, β} = (−1)degH βι]b+1(dβ)(dα ∧ ε)

= (−1)degH β(ι]b+1(dβ)dα) ∧ ε+ (−1)degH β+degαιιε]b+1(dβ)dα

= {α, β} ∧ ε+ (−1)degαC(β, ε)ι]b+2(dβ∧ε)dα

= {α, β} ∧ ε− (−1)degH β+degαC(β, ε){α, β ∧ ε}.

Note that, since both α ∧ ε and β ∧ ε are Hamiltonian, and C(β, ε) is nonzero, so

is {α, β} ∧ ε. Iterating this argument and using that both α ∧ ε1 ∧ · · · ∧ εj and

α ∧ ε1 ∧ · · · ∧ εj are Hamiltonian, we conclude that {α, β} ∧ ε is Hamiltonian, for

arbitrary closed and basic ε, which shows that special Hamiltonian forms define a

subalgebra.

Remark 4.2.2. To give a complete picture, in the examples we will provide an

explicit computation of the associated multivector field.

5. Applications to Classical Field Theories

Here we discuss several applications of the theory developed in the previous sections:

the study of conserved quantities for regular and almost regular Lagrangians.

5.1. Hamiltonian formalism for regular field theories

Let us go through the construction of bracket extensions in the case of the reduced

covariant formalism of classical field theories explained in Example 2.3.1. Recall
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that the graded Dirac structure is given by the map

]n(dnx) = 0, ]n(dyi ∧ dn−1xµ) = − ∂

∂pµi
, ]n(dpµi ∧ dn−1xµ) =

∂

∂yi
.

The ]1 (modulo Kn) map is given by

]1(dxµ) = Kn, ]1(dyi) =
(−1)n

n

∂

∂pµi
∧ ∂n−1

∂n−1xµ
+Kn,

]1(dpµi ) = (−1)n−1 ∂

∂yi
∧ ∂n−1

∂n−1xµ
+Kn

and ]̃1 is obtained applying the anti-derivation rule, as mentioned in Remark 3.2.2.

Let us determine the space Sn+1[n], which will be the space on which the exterior

derivative of Hamiltonians may take values.

Theorem 5.1.1. Sn+1[n] is generated by the following set of forms:

dyi ∧ dnx, dpµi ∧ dnx, dpµi ∧ dyj ∧ dn−1xµ.

Proof. Recall that Sn+1[n] is defined as the space of forms Θ ∈
∧n+1

M for

which there exists ]̃n(Θ) ∈ T∗M ⊗ TM with ι̃]n(Θ)α = ι̃]1(Θ)α = ι̃]n(α)Θ for every

α ∈ Sn. Note that α is (n − 1)-horizontal, so that ι̃]1(Θ)α is (n − 2)-horizontal.

Therefore, ι̃]n(α)Θ is (n − 2)-horizontal and, since ]n(α) is vertical, Θ must be

(n − 2)-horizontal. In Table 1, the reader may find represented all possible values

of ι]n(α)Θ for all possible candidates Θ ∈
∧n+1

M .

An elementary computation shows that any linear combination of the forms on

the left, Θ, for which there is a (1, 1)-tensor, ]̃n(Θ) satisfying ι̃]n(Θ)α = ι]n(α)Θ,

must have null coefficients on the last two elements (dyj ∧ dyk ∧ dn−1xα and dpαj ∧
dpβk ∧ dn−1xγ). Furthermore, the first two elements are clearly in Sn+1[n], as we

may choose

]̃n(dyj ∧ dnx) :=
1

n
dxµ ⊗ ∂

∂pµi
, ]̃n(dpαj ∧ dnx) := dxα ⊗ ∂

∂yj
.

Table 1. Values of ι]n(α)Θ, for (n+ 1)-forms Θ (on the left) and forms α ∈ Sn (on top).

dyi ∧ dn−1xµ dpµi ∧ dn−1xµ dnx

dyj ∧ dnx 0 δji dnx 0

dpαj ∧ dnx δαµδ
i
jd
nx 0 0

dyj ∧ dpαk ∧ dn−1xβ δαµδ
i
kdyj ∧ dn−1xβ δji dpαk ∧ dn−1xβ 0

dyj ∧ dyk ∧ dn−1xα 0 δji dyk ∧ dn−1xα 0

−δki dyj ∧ dn−1xα

dpαj ∧ dpβk ∧ dn−1xγ δαµδ
i
jdp

β
k ∧ dn−1xγ 0 0

−δβµδikdpkj ∧ dn−1xγ
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Hence, it only remains to study which possible linear combinations Θ = Akβjαdyj ∧
dpαk ∧ dn−1xβ belong to Sn+1[n]. We look for a (1, 1)-tensor field

]̃n(Θ) = dxµ ⊗

(
Cνµ

∂

∂xν
+Dj

µ

∂

∂yj
+ Eνµj

∂

∂pνj

)

+ dyi ⊗

(
Cνi

∂

∂xν
+Dj

i

∂

∂yj
+ Eνij

∂

∂pνj

)

+ dpµi ⊗

(
Ciνµ

∂

∂xν
+Dij

µ

∂

∂yj
+ Eiνµj

∂

∂pνj

)
satisfying ι̃]1(Θ)α = ι]n(α)Θ for every α ∈ Sn. We have:

(i) For α = dnx, we have ι]n(α)Θ = 0, which implies Cµµ = Cνi = Ciνµ = 0.

(ii) For α = dyi ∧ dn−1xµ, we have ι]n(α)Θ = −Aiβjµdyj ∧ dn−1xµ, which implies

that Cµν = 0 and

−Aiβjµdyj ∧ dn−1xβ = Di
µdnx+Di

jdy
j ∧ dn−1xµ +Dji

ν dpνj ∧ dn−1xµ,

from which we obtain Di
µ = 0, Dji

ν = 0 and −Aiβjµ = δβµD
i
j and hence Θ =

−Dk
j dyj ∧ dpαk ∧ dn−1xα.

It only remains to show that we can define ]̃n(Θ) for Θ = dpµi ∧ dyj ∧ dn−1xµ.

Indeed, notice that we may choose

]̃n(Θ) := dyj ⊗ ∂

∂yk
+ dpµk ⊗

∂

∂pµk
,

finishing the proof.

Now let us look at the possible expression of a Hamiltonian (Definition 4.1.1).

Theorem 5.1.2. Let H ∈ ΩnH(M)[n] be a Hamiltonian. Then, up to a closed term

it has the following local expression:

H = Hdnx− pµi dyi ∧ dn−1xµ

for certain function H(xµ, yi, pµi ).

Proof. Recall that ]̃1(dH) +1n has to be a semi-basic form. A quick computation

shows that this implies

dH = Aidy
i ∧ dnx+Biµdpµi ∧ dnx− dpµi ∧ dyi ∧ dn−1xµ

for certain functions Ai and Biµ. Closedness of the previous form implies that there

is a function H such that Ai = ∂H
∂yi and Biµ = ∂H

∂pµi
, which finishes the proof.

Finally, let us study the algebra of special Hamiltonian forms.

2650243-42

In
t. 

J.
 G

eo
m

. M
et

ho
ds

 M
od

. P
hy

s.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 R

ub
én

 I
zq

ui
er

do
 o

n 
08

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 24, 2026 19:3 WSPC/S0219-8878 IJGMMP-J043 2650243

Classical field equations using extensions of graded Poisson brackets

Theorem 5.1.3. With the canonical graded Poisson structure on M =∧n
2 Y/

∧n
1 , Y special Hamiltonian forms close an subalgebra and:

(i) For a = 1, . . . , n− 1, if α ∈ Ω̃a−1
H (M), then

dα ∈ 〈daxµ̃,dyi ∧ da−1xν̃ : |µ̃| = n− a, |ν̃| = n− a− 1〉.

(ii) For a = n, we have Ω̃n−1
H (M) = Ωn−1

H (M).

Proof. The second claim is clear. It only remains to show that if a = 1, . . . , n− 1

and α ∈ Ω̃a−1
H (M), then dα is necessarily in 〈daxµ̃,dyi ∧da−1xν̃ : |µ̃| = n− a, |ν̃| =

n− a− 1〉. Suppose that

dα = Aµ̃daxµ̃ +Aµ̃i dyi ∧ da−1xµ̃ +Aiµ̃dpµi ∧ da−1xµ̃µ.

Imposing the condition of being special Hamiltonian with ε = dn−axν̃ , we get that

ε ∧ dα = Aν̃dnx+ (−1)n−aAµ̃i δ
ν̃µ
µ̃ dyi ∧ dn−1xµ

+ (−1)n−1Aiµ̃δν̃νµ̃µdpµi ∧ dn−1xν ∈ Sn.

The first two terms clearly satisfy this condition. The last one can be

expanded as

(−1)n−aAiµ̃δν̃µ̃dpµi ∧ dn−1xµ + (−1)n−a
∑
µ6=ν

Aiµ̃δν̃νµ̃µdpµi ∧ dn−1xν

and since a < n, we can choose ν̃ so that δν̃µ̃ = 0 so we obtain Aiµ̃ = 0, proving the

result. By Theorem 4.2.3, they determine a subalgebra.

Remark 5.1.1. In order to give a more complete picture, we would like to

explicitly find the associated multivectors from Lemma 4.2.3. To the form dyi ∧
da−1xµ1,...,µn+1−a , we assign the multivector

U =
1

n+ 1− a

n+1−a∑
j=1

(−1)j−1 ∂

∂p
µj
i

∧ ∂n−a

∂n−axµ1,...,µ̂j ,...,µn+1−a
,

which satisfies the required property. Indeed, contracting (without loss of generality)

by ε = dxµ1 on U gives

ιεU =
1

n+ 1− a

n+1−a∑
j=2

(−1)j
∂

∂p
µj
i

∧ ∂n−a

∂n−axµ2,...,µ̂j ,...,µn+1−a
,

which is a Hamiltonian multivector field for ε ∧ dyi ∧ da−1xµ1,...,µn+1−a up to a

constant.
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5.2. Bracket formalism for almost regular Lagrangians:

Yang–Mills theories

Let π : Y → X denote a fibered manifold over an n-dimensional base with coor-

dinates (xµ, yi), and let L : J1Y →
∧n

X be a first-order Lagrangian density (for

higher order theories we refer to [16]), locally given by L = L(xµ, yi, ziµ)dnx. The

multisymplectic formalism is obtained by pullbacking the natural multisymplectic

form on
∧n

2 Y by the Legendre transformation, LegL : J1π →
∧n

2 Y , which is

locally given by

Leg∗L p = L− ∂L

∂ziµ
ziµ, Leg∗L p

µ
i =

∂L

∂zµi
.

The reduced Legendre transformation is obtained by composing with the projection∧n
2 Y →

∧n
2 Y
/∧n

1 Y ,

J1π
∧n

2 Y

∧n
2 Y
/∧n

1 Y

LegL

legL

.

When the reduced Legendre transformation defines a local diffeomorphism, we say

that L is a regular Lagrangian. In this case, locally, we are dealing with the case

treated in the previous subsection. However, a great deal of field theories (defined

by the corresponding Lagrangian density) are not regular. Nevertheless, when the

image legL
(
J1π

)
is a submanifold for which legL : J1π → Im legL defines a sub-

mersion, then we may apply the constructions of this paper:

(i) Use the construction of Theorem 2.2.1 to induce a graded Dirac structure on

Im legL from the graded Dirac structure on
∧n

2 Y
/∧n

1 Y . This first step defines

a bracket theory on the constraint submanifold.

(ii) Let h : Im legL → Im LegL be the diffeomorphism given by the inverse of the

natural projection Im LegL → Im legL.

(iii) Set H := h∗Θ as the Hamiltonian, and study the dynamics employing the

techniques developed above: existence of of special Hamiltonian forms and

conserved quantities of arbitrary degree.

In order to illustrate this, let us study the particular case of Yang–Mills theories,

where the Lagrangian is almost regular.

Let X be an n-dimensional pseudo-Riemannian manifold, and let P → X be a

principal bundle with structure group G acting freely and transitively on the fibers

on the right. Suppose there is an Ad-equivariant non-degenerate bilinear form 〈·, ·〉
on g. Recall that a principal connection on P is an Ehresmann connection that

is G invariant, namely a smooth choice of horizontal subspace p 7→ Hp satisfy-

ing (Rg)∗Hp = Hp·g. Such connections can be identified with connection 1-forms
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θ∈Ω1(P, g), namely connections satisfying

(i) For every ξ ∈ g, θ(ξ̃) = ξ, where ξ̃ denotes the fundamental vector field associ-

ated to the right action of G on P .

(ii) For every g ∈ G, (Rg)
∗θ = Adg−1 ·θ.

The curvature of θ is given by the g-valued 2-form ωθ = Dθ θ, where

(Dθθ)(X,Y ) = (dθ)(Xh, Y h), Xh and Y h denoting the horizontal components of X

and Y , respectively, defined by the connection. Since ωθ is a semi-basic 2-form on P ,

and it satisfies (Rg)
∗ωθ = Adg−1 ·ωθ, it induces a 2-form ω̃θ ∈ Ω2(M,AdP ), where

AdP = P ×G g is the associated bundle to the adjoint representation of G. Since

the chosen metric on g is Ad-equivariant, it induces a non-degenerate bilinear form

on each fiber of AdP , which we denote by 〈·, ·〉 as well. This metric, together with

the pseudo-Riemannian structure on M , allows us to introduce a scalar quantity

−1

4
〈ωθ, ωθ〉.

Then one tries to solve the variational problem on the space of principal connection

given by the following action:

−1

4

∫
X

〈ωθ, ωθ〉µ,

where µ denotes the canonical volume form on X induced by the pseudo-

Riemannian metric.

In our setting, principal connections are given by the sections of the bundle of

principal connections: Y = J1(P →M)
/
G→ X and the Lagrangian is given by

L : J1Y →
n∧
X (j1θ) 7→ −1

4
〈ωθ, ωθ〉µ.

If we have a local trivialization over an open subset U ⊆ X given by certain

section s : U → P , we have a natural identification

Y |U = J1(P → X)/G|U ∼= T ∗U ⊗ g

given by θ 7→ s∗θ. Then, if ei denotes a basis on g and (xµ) denotes coordinates on

U , we have induced coordinates on Y |U given by (xµ, Aiµ) representing the 1-form

θ = Aiµdxµ ⊗ ea.

With this identification, J1Y carries natural coordinates (xµ, Aiµ, A
i
µ,ν). Then, the

curvature reads

ωθ = F iµνdxµ ∧ dxν ⊗ ei =

(
∂Aiν
∂xµ

−
∂Aiµ
∂xν

+ f ijkA
j
µA

k
ν

)
dxµ ∧ dxν ⊗ ei,
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where f ijk are the structure constants of the Lie algebra g, namely [ej , ek] = f ijkei.

Then, the Lagrangian is locally given by

L = −1

4
Fµνi F iµν

√
|g|dnx.

An elementary computation shows that the Legendre transformation is given by

Leg∗L p
µν
i =

∂L

∂Aiµ,ν
= Fµνi

√
|g|,

Leg∗L p =
∂L

∂Aiµ,ν
Aiµ,ν − L =

(
−1

4
Fµνi F iµν +

1

2
f ijkF

µν
i AjνA

k
µ

)√
|g|

so that it defines the constraint submanifold N = {pµνi + pνµi = 0} on
∧n

2 Y . We

refer to [45, 46] for more information regarding the multisymplectic treatment of

gauge theories.

Let us compute the induced graded Dirac structure on the image of the Legen-

dre transformation, as well as the induced Hamiltonian and the algebra of special

Hamiltonian forms.

5.2.1. The induced graded Dirac structure on N = Im LegL

As we know from Example 2.3.1, the graded Dirac structure on
∧n

2 Y is given by

Sn = 〈dnx, dAiµ ∧ dn−1xν ,dp
µν
i ∧ dn−1xν〉 with

]n(dnx) = 0, ]n(dAiµ ∧ dn−1xν) = − ∂

∂pµνa
, ]n(dpµνi ∧ dn−1xν) =

∂

∂Aiµ
.

Recall that the pullback of a graded Dirac structure is given by the following steps:

(i) Identify those forms α ∈ Sn with ]n(α) tangent to N ,

(ii) Define S̃n to be generated by the pullback of said forms and let ]̃n(α) := ]n(α).

In our case the family of forms α ∈ Sn such that ]n(α) is tangent to the submanifold

defined by the equations pµνi + pνµi = 0 is generated by the following forms:

dnx, dAiµ ∧ dn−1xν − dAiν ∧ dn−1xµ, dpµνi ∧ dn−1xν .

Let us introduce coordinates (xµ, Aiµ, p̃
µν
i ) on N , with p̃µνi = pµνi , if µ < ν and

p̃µνi = −pµνi , if µ > ν, so that

∂

∂p̃µνi
=

∂

∂pµνi
− ∂

∂pνµi
,

for µ < ν. Then, the graded Dirac structure on N is locally given by S̃n =

〈dnx, dAiµ ∧ dn−1xν − dAiν ∧ dn−1xµ,dp̃
µν
i dn−1xν − dp̃νµi ∧ dn−1xµ〉, where sum

in the last term is assumed to happen for pairs of indices such that µ < ν (and

ν < µ). Let us make an abuse notation by writing

dp̃µνi ∧ dn−1xν − dp̃νµa ∧ dn−1xµ = dp̃µνi ∧ dn−1xµ
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and assuming that p̃νµi = −p̃µνi . Then, the ]̃n maps are given by

]̃n(dnx) = 0, ]̃n(dAiµ ∧ dn−1xν − dAiν ∧ dn−1xµ) = − ∂

∂p̃µνi
,

]̃n(dp̃µνi ∧ dn−1xν) =
∂

∂Aiµ
.

5.2.2. Special Hamiltonian forms and the Hamiltonian

From the computations of the previous subsection, we conclude that the Hamilto-

nian is

H =

(
−1

4
p̃µνi p̃iµν +

1

2
f ijkp̃

µν
i AjνA

k
µ

)
dnx− p̃µνi dAiµ ∧ dn−1xν

and thus the equations of motion in coordinates read as

(i) Taking α = Aiµdn−1xν −Aiνdn−1xµ we obtain(
∂Aiµ
∂xν

− ∂Aiν
∂xµ

)
dnx = ψ∗(dα) = dα+ {α,H} =

(
−p̃iµν + f ijkA

j
µA

k
ν

)
dnx.

(ii) Taking α = p̃µνi dn−1xnu we obtain

∂p̃µνi
∂xµ

dnx = dα+ {α,H} = −f jikp̃
µν
j Ajkdnx,

which are the well-known Yang–Mills equations.

Let us now focus on obtaining (what we will show to be) the subalgebra of special

Hamiltonian forms, by determining what values can their exterior derivatives take.

Theorem 5.2.1. Special Hamiltonian forms close a subalgebra and their exterior

differentials are generated by:

(i) For 1 ≤ a ≤ n− 2 :

a∑
j=1

(−1)j−1dAiνj ∧ da−1xν1,...,ν̂j ,...,νa , db+1xµ1···µn−b .

(ii) For a = n− 1 :

dAiα ∧ dn−1xβγ + dAiγ ∧ dn−1xαβ + dAiβ ∧ dn−1xγα,

dn−1xµ, dp̃µνi ∧ dn−1xµν .

(iii) For a = n : by the whole S̃n.

Proof. The last item is clear. Suppose α ∈ Ω̃a−1
H (M), for 1 ≤ a ≤ n− 1 and write

dα = Cµµ̃dAiµ ∧ da−1xµ̃ +Diµ̃
µνdp̃µνi ∧ da−1xµ̃.
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Let ε = dn−axν̃ . Then, since α is special Hamiltonian we must have

ε ∧ dα =(−1)n−aCµµ̃δν̃αµ̃ dAiµ ∧ dn−1xα + (−1)n−aDiµ̃
µνδ

ν̃α
µ̃ dp̃µνi ∧ dn−1xα ∈ Sn.

If ε ∧ dα ∈ Sn, we necessarily have that ιU (ε ∧ dα) = 0 for every U ∈ (Sn)◦,n.

Hence, taking

U =
∂

∂Aiα
∧ ∂n−1

∂n−1xβ
+

∂

∂Aiβ
∧ ∂n−1

∂n−1xα

and imposing ιU (ε ∧ dα) = 0 we get that Cαµ̃i δν̃βµ̃ + Cβµ̃i δν̃αµ̃ = 0. Tak-

ing α = µ0, ν̃ = µ1, . . . µa, and β = µa+1, the previous equation reads as

C
µ0,...,µa+1

i = (−1)a+1C
µa+1µ0,...,µa
i , which means (using that the multi-index µ̃

is skew-symmetric) that Cµµ̃ is skew-symmetric in all its indices and thus we may

write

Cµµ̃i dAiµ ∧ da−1xµ̃ = C ν̃i δ
µµ̃
ν̃ dAiµ ∧ da−1xµ̃

= Cν1,...,νai

a∑
j=1

(−1)j−1dAiνj ∧ da−1xν1,...,ν̂j ,...,νa .

Now, contracting with

U =
∂

∂p̃αβi
∧ ∂n

∂n−1xγ
,

where γ 6= α and γ 6= β we get the condition Diµ̃
αβδ

ν̃γ
µ̃ = 0. This means that Diµ̃

α,β = 0

whenever µ̃ contains an index different from α and β. This last observation clearly

implies that all coefficients are zero when |µ̃| ≥ 3 or, equivalently, when a < n− 1.

This implies the first item. Now, for the second, we only need to worry about the

case n = n− 1, and a quick computation shows that the only possibility is to have

Ciµναβ = δµναβC, for certain constant C, so that Ciµναβ dp̃αβi ∧ dn−2xµν is necessarily a

multiple of dp̃αβi ∧ dn−2xαβ , finishing the proof.

Remark 5.2.1. Again, for completion, we would like to add the associated multi-

vectors from Lemma 4.2.3. It is enough to choose:

(i) For the form
∑a
j=1(−1)j+1dAiνj ∧ da−1xν1,...,ν̂j ,...,νa we need to take

U =
1

n+ 2− a
∑
i<j

(−1)i+j
∂

∂p̃
νiνj
i

∧ ∂n−a

∂n−axν1,...,ν̂i,...,ν̂j ,...,νn+2−a
,

as an easy computation shows.

(ii) For the form dp̃αβi ∧ dn−2xαβ , we need to take

U =
∂

∂Aiα
∧ ∂

∂xα
,

which, after another quick computation is seen to satisfy the conditions corre-

sponding requirements.
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Finally, to end our discussion, we compute the graded Poisson brackets of some

local generators of the algebra of special Hamiltonian forms. The nonzero brackets

are given by 
n+2−a∑
j=1

(−1)j+1Aiνjd
a−1xν1,...,ν̂j ,...,νn+2−a , p

αβ
j dn−2xαβ


= −

n+2−a∑
j=1

(−1)j+1da−2xν1,...,ν̂j ,...,νn+2−a,νj

= (−1)a(n+ 2− a)δijd
a−2xν1,...,νn+2−a ,

n+2−a∑
j=1

(−1)j+1Aiνjd
a−1xν1,...,ν̂j ,...,νn+2−a , p̃

µν
i dn−1xν


=

n+2−a∑
j=1

(−1)j+1δννjd
a−1xν1,...,ν̂j ,...,νn+2−a .

6. Conclusions and Further Work

In this paper, we have analyzed the extensions of graded Poisson brackets in classical

field theories in order to give a description of the evolution of forms. This study leads

to the definition of special Hamiltonian forms, a particular subfamily of Hamiltonian

forms that is proved to be a subalgebra. This subalgebra is the subalgebra of forms

with defined evolution. To showcase the theory, we compute it (computing the

possible exterior derivatives) and the brackets of some generators of this algebra in

the case of regular Lagrangians and in the case of Yang–Mills theories, although

the theory works with any almost regular Lagrangian.

There are several aspects that remain unsolved, and that we propose as inter-

esting future questions which we were not able to answer at this moment:

(i) As we showed, the bracket of special Hamiltonian forms and Hamiltonians is

independent of the extension chosen, so they seem a natural algebra to restrict

the Poisson brackets to. We propose to investigate the properties of this algebra

in general because, as we showed, this algebra can be associated to any almost

regular classical field theory.

(ii) Determining the evolution of arbitrary Hamiltonian forms suggests to study

the relationship between these brackets and the constraint algorithm (see [19]

for the general geometric theory and [30] for several examples). We believe

that the theory behind the constraint algorithm would benefit from an analysis

employing the extension of the brackets presented in our study.

(iii) We would also find it interesting to investigate the relationship of these con-

structions with the Poisson brackets of the canonical formalism (see [38,39]).
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(iv) As we mentioned in Sec. 2, the tools developed may be of interest to the

theory of reduction and momentum maps, which is still in full development in

the case of classical fields (see [4,5] for recent advances in the case of reduction

and [10,24] for advances in momentum maps).
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