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Poisson brackets play a fundamental role both in mechanics and in classical field theories.
In this paper, we develop a theory of extensions of graded Poisson brackets in graded
Dirac manifolds. We then show how these extensions can be used to obtain the field
equations of a particular theory as well as the evolution of forms of arbitrary degree,
in a similar way that ordinary Poisson brackets provide in mechanics. To illustrate the
theory, we apply the results to the study of regular Lagrangians and Yang—Mills theories.
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1. Introduction

The finite-dimensional geometric setting for studying classical field theories is mul-
tisymplectic geometry, as has been established since the 1970s [25}28,[37], just as
symplectic geometry allowed the important developments of Hamiltonian dynam-
ics. However, unlike in symplectic mechanics, in classical field theories we deal
with differential forms of degree greater than 2, which is very difficult to study
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(for instance, forms of higher degree lack a Darboux theorem, see [33}44] for recent
surveys on the matter). In particular, this allows us to introduce a graded Poisson
bracket.

As far as we know, these brackets were first defined in |11], just as a continuation
of the study of abstract multisymplectic manifolds carried in [12]. An important
property of these brackets, already discussed in the work by Cantrijn, Ibort and
de Ledn, is that it induces a graded Lie algebra structure on Qg (M)/dQ(M), the
space of Hamiltonian forms modulo exact forms. The study of these brackets is far
from being finished; indeed, a lot of recent research has been devoted to understand
its interplay with field equations [2,/14,27,35,[36]. Up to now, this study is usually
developed for particular cases, without identifying the essential properties of these
brackets (as is usually done in Poisson geometry, for instance). Hence, it is an
important issue to identity the defining properties of the brackets, which would
allow for a generalization that should encode all constructions possible (as Poisson
geometry does for Poisson brackets, for instance).

One possible approach for this generalization is that of L..-algebras. In [1],
carrying a careful study of the exact terms present in the Jacobiator, Baez, Hoffnung
and Rogers identifies that for the case of a multisymplectic manifold of order 2 (the
case where the form has degree 3), the graded Poisson bracket induces what is known
as a Lie-2-algebra. This result was later generalized to arbitrary multisymplectic
manifolds in [42], proving that the graded Poisson bracket defines an L..-algebra.
However, in order to obtain this structure, one must particularize the bracket at the
highest degree of forms, only studying the Jacobiator when the forms have degree
n—1, where n+1 is the degree of the multisymplectic form. A more complete study
is developed in [20], where the defect of the Jacobi identity is studied for forms of
arbitrary degree. However, L., algebras lack a Leibniz identity, a property which
is fundamental in classical mechanics and classical field theory.

In this vein, we recently study graded Poisson brackets on their own [18], defin-
ing a graded Poisson bracket as a graded-skew-symmetric bracket on a suitable
subfamily of differential forms, called Hamiltonian. This bracket is required to sat-
isfy a graded Jacobi identity up to an exact term, and two extra properties relating
the bracket to exterior products and contractions (representing a graded version
for the Leibniz identity, and invariance by symmetries, respectively). The first two
properties recover the usual L., algebra, and taking into consideration the last two
has an important implication: the bracket is completely determined by a tensorial
object. A manifold equipped with this object is called a graded Dirac manifold (or
graded Poisson manifold, depending on the existence of geometric gauge as defined
in [26}[31]). In this paper, we continue the investigation of these structures and, in
particular, a definition of dynamics in terms of these brackets is given.

Some preliminary results in this direction can be found, for instance, in the works
by Kanatchikov [35.36], where the Poisson brackets are used to define dynamics and
study evolution of observables. Nevertheless, the brackets defined depend heavily
upon the choice of coordinates. A more intrinsic version, based upon the choice of
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a connection, can be found in the work by Berbel and Castrillén [2], where they
employ the definition of dynamics to reduce the system. In all of these works, not
only the brackets presented depend upon choices, but also the Hamiltonian.

More recently, in [27], Gay-Balmaz et al. developed a bracket description of the
dynamics which is independent of these choices. In the multisymplectic description
of field theories, fields are interpreted as sections of a bundle Y — X, called the
configuration bundle, where X is the base manifold, usually representing spacetime.
In this setting, the Hamiltonian is interpreted as another section of a particular line
bundle (see [13]):

h \Y/A\Y = \Y-
2 1 2
The bracket that the authors introduce is of the form {«, h}, where o is a Hamil-
tonian (n — 1)-form and it yields a semi-basic n-form over the base manifold X.
This bracket is defined so that it computes the evolution of (n — 1)-forms, in fact,

a section ¥ : X — Ay Y/A]'Y will be solution of the Hamilton-De Donder—Weyl
equations determined by h if and only if it satisfies

Y*(da) ={a,h} oy, Vace Q?fl (;\Y/;\Y)

Linearity of this bracket is replaced by it being affine (as the space of Hamiltonians is
affine), and the Jacobi identity is substituted by it defining an affine representation.
The introduction of the previous operation raises some important questions:

(i) The fact that the Hamiltonians are defined as sections of a certain bundle
presents some technical difficulties. The first one is how can one approach
reduction by symmetries using such Hamiltonians. Would the reduced Hamil-
tonian be a different section of a different line bundle?

(ii) It is the case that the usual Poisson bracket of Hamiltonian (n — 1)-forms
recovers the classical Poisson bracket of the (infinite) dimensional instanta-
neous formalism via integration against a space-like slicing (see [3,[17]). How
does this correspondence translate with the previous extension of the bracket?

(iii) In mechanics, the study of constraints, reduction, and quantization of a given
system has benefited greatly from the introduction of abstract Poisson struc-
tures, as they make it possible to identify the key properties of the bracket that
enable these procedures. It is therefore natural to ask: can one define a bracket
that determines the dynamics of a classical field theory in a more general and
flexible setting?

Although these are questions that one may in principle be able to answer in terms
of the Hamiltonian section, we find that these are more naturally approached if the
Hamiltonian is thought of as an n-form. Indeed, there is a one-to-one correspondence
between sections of the previous line bundle and the family of n-forms ©;, = h*0,
where © is the multisymplectic potential (also called the Liouville form) on /\; Y.
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Thus, if one identifies the Hamiltonian with the previous n-form H := ©j the
bracket reads as {«, H}, where now every object is a suitable differential form on
ASY/ALY.

The first and main objective of this paper is to carry this interpretation to
general graded Dirac manifolds, so that both the Hamiltonian and the observables
are in equal footing, that is, interpreted as the same kind of object (differential
forms of possibly different degree). The usual graded Poisson bracket is defined for
Hamiltonian forms of degree between 0 and n — 1, so we focus on extending this
bracket to arbitrary degree, maintaining as much properties as possible. As a result,
we obtain a family of possible extensions (dependent on a choice of extensions of
the f-morphisms) and we shall obtain a bracket

Q1 (M) @ QN (M) — QD (),

where a and b are no longer confined to 1 < a,b < n. The restriction of this bracket
to the usual Hamiltonian forms and a particular subclass of Hamiltonian n-forms
will yield the usual equations of motion as above.

Regarding the mathematical construction, extensions of Poisson brackets have
been studied in symplectic geometry in [41] by Michor and in general Poisson geom-
etry in [32] by Grabowski. It should be noted that the bracket defined in the second
cited paper is a modification of the brackets treated in the first. This modification
is performed in order to obtain a Jacobi identity (not up to an exact term). We find
more suitable for our purposes to generalize the one introduced by Michor, since it
is of first order. Nevertheless, both constructions are built upon a generalization of
the # mapping, and we follow this strategy closely.

When the extensions of the brackets are finished, we use them to study the field
equations and evolution of forms of arbitrary degree, an aspect which was missing
in previous versions of the literature. In particular, we would like to highlight the
following results:

(i) In Theorem we build a first extension of the brackets and prove that
it still satisfies the main properties of the original one. Afterwards, we give
sufficient conditions on the chosen extension of the # mapping for the final
extension of the brackets to satisfy the same properties in Theorem [3.3.1

(ii) In Theorem we prove that for a given extension of the brackets, the
Poisson bracket of a Hamiltonian form a € Q% (M) against the Hamiltonian
H e Q% (M)[n] (see Definition yields a possible evolution of «, in the
sense that there is an Ehresmann connection h that solves the equations deter-
mined by H (equations that do not depend on the extension) and such that
h*(da) = da + {a, H}.

(iii) In Theorem we prove that there is a one-to-one correspondence between
all possible extensions of the brackets to Hamiltonians compatible with the
fibered structure and affine maps v : {Hamiltonians} — {connections} such
that () solves the equations determined by H.
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(iv) In Theorem we identify a subfamily of forms, that does not depend on the
choice of Hamiltonian, which we call special Hamiltonian forms, whose evolu-
tion is defined for any solution of the Hamilton-De Donder-Weyl equations. In
particular, the bracket against H does not depend on the choice of extension,
making them candidates for being conserved quantities, namely closed forms
on solutions (such forms have gained interest in theoretical physics recently,
see [29], for instance).

(v) Finally, this subfamily is proved to be a subalgebra under the Poisson bracket
in Theorem 2.3

The paper is structured as follows. Section [2]is devoted to study graded Dirac
structures on fibered manifolds, and how these structures restrict to submanifolds
and quotient manifolds. In Sec. [3] we develop the main ingredients of our study,
the possibility of extending the natural brackets on forms to any arbitrary degree.
So, in Sec. [d] we can apply the results in the previous section to discuss dynamics
on graded Dirac structures on fibered manifolds. In Sec. |5, we show how our theory
can be used to study classical field theories by providing two examples: regular
Lagrangians and Yang-Mills theories. Finally, Sec. [6] is devoted to summarize the
main conclusions and indicate some further work.

Notation and Conventions

We will use these notations and conventions throughout the paper; to facilitate
the reading, they are collected here. Furthermore, we indicate where the reader may
find the definition of the more technical notation.

(1) All manifolds are assumed C*°-smooth and finite dimensional.

(2) Einstein’s summation convention is assumed throughout the text, unless stated
otherwise.

V, M denotes the vector bundle of p-vectors on M, N’ TM.

XP(M) =T( V, M ) denotes the space of all multivector fields of degree p.
[-,-] denotes the Schouten-Nijenhuis bracket on multivector fields. We use the
sign conventions of [40].

A M denotes the vector bundle of a-forms on M, A\* T*M.

Q*(M) =T (A" M) denotes the space of all a-forms on M.

Given a vector space V, 1, denotes the identity on A’ V* @ A7 V.

When dealing with multivector fields and differential forms using coordinates,
we employ the alternate Kronecker delta notation:

o R
Ol =~ W
= I =

N N N N
© 00 ~J >
= —

(1) if o(u1)...0(pp) =v1...1vp, for some permutation o,
511,,::;#: — '
0 otherwise.

Furthermore, we employ the multi-index notation, which we will denote as

f=pi1,. .., tp. When multi-indices repeat as super-index and sub-index, sum-
. . .. . I a
mation is assumed for ordered multi-index. For instance, d*z* ® 8(330& denotes
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the identity 1, € A" M ® \/, M, rather than %d%z" ® aa which would be
if summation was assumed for all multi-indices.

(10) £yva = diwya — (-1)Piy da, for U € XP(M), a € Q%(M) denotes the Lie
derivative along multivector fields. For a proof of its main properties, we refer
to [23].

(11) For a subbundle K C \/p M, and for a > p, we denote by

KO’“:{QE/G\M:LKa:O}

the annihilator of degree a of K.
(12) Similarly, for a subbundle S € A“ M, and a > p we denote by

So’p:{Ue\/M:LUS:O}

p

Th

the annihilator of degree p of S.
(13) For a subbundle S C T*M, we write S := A" S C \* M.
(14) S°[j] is defined in Eq. (6).
(15) Q% ' (M)[j] is defined in Eq. (8).
(16) {--}3, is defined in Eq. (10).

2. Graded Dirac Structures on Fibered Manifolds

In this section, we recall the basic definitions and constructions on graded Dirac
manifolds (which can be found in |7}{18}[50], for instance). Furthermore, we develop
the theory of pullback and pushforwards of these structures which, to our knowl-
edge, was missing in the literature. Lastly, we study all these concepts in the case
where a graded Dirac structure on a manifold M is compatible with a fibered
structure 7: M — X, which is the setting that we will use to define dynamics.

2.1. Graded Dirac structures

Let M be a smooth manifold and suppose that we have a vector subbundle S™ of
A" M, the bundle of n-forms over M,

St ——s N"M
M
such that the subsequent contractions of S™ by TM,

1 2 -1 1 2
S" =y S”, ST = ST, ST = e 57

define vector subbundles of A"~ M, A" "> M, ..., T" M, respectively. Here we are
making a slight abuse of notation denoting

trmS™ = (i u € TM, a0 € S™), ey ST = (tyav :u € TM, 0 € 5"71),...
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Definition 2.1.1 (Hamiltonian form). Let i be an open subset of M. A Hamil-
tonian form of degree a—1 on i/, 1 < a < n with respect to the sequence S*, ..., S"
determined by S™ is a differential form o € Q% 1(M) such that da takes values
in S° The space of Hamiltonian forms is denoted as Q9 (U, S™). If there is no
ambiguity, we will just write Q% (i) instead of Q9 (U, S™).

Let a be a differential form of arbitrary degree. Define
degy a:=(n—1) —dega.
We now define our main object of study (see [18] for further details):

Definition 2.1.2 (Graded Poisson bracket). A graded Poisson bracket of order
n on M is a bilinear bracket defined for every open subset U of M,

W ) @ Q@) 225 oD )

for 1 < a,b < n that satisfies the following properties. For every a € Q?{_l(Z/{), B e
Q41 (U) and v € Q51 (U) we have

(i) It is graded:
degy{a, Blu = degy a + degy f3;
(ii) It is graded-skew-symmetric:
{o, BYy = —(—1)deen @ den B aly;
(iii) It is local: If da|, = 0, then ({«, S}u)|s = 0;
(iv) It satisfies a graded Leibniz identity: Let 37 € Q571 (U),~v; € Q57 H(U). T B7 A
dvy, € Qb1 (U), then we have
{87 Ady;, oy = {47, aty Ady; + (~1)" 8 57 4B7 A {;, aby;

for o € Q71 (U);
(v) It is invariant by symmetries: If X € X(U) and £xa = 0, then txa € Q% H(U)
and

{txa, BYu = (1) Pux{a, Bhu;
(vi) It satisfies the graded Jacobi identity (up to an exact term):
(—1)deem @ de8n Y ({a, By, vy + (—1)98m P8 {8, 7}y, oty
4 (=1)deemvdeen BLL~ 0}y, By = exact form.

Finally, it satisfies the compatibility condition, namely for ¥V C U open, the
bracket on V, {-, -}y, is the restriction of the bracket on U, {-, }y.

Remark 2.1.1. With the usual grading of differential forms, a graded Poisson
bracket of order n can be also understood as a bracket of degree (1 — n), in such a
way that it is graded once the degrees are modified appropriately.

2650243-7
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Remark 2.1.2. The last condition implies that we have a well-defined global
bracket

Q5 (M) @ (M) £ Qg ()

and, making some abuse of notation, we will denote {-, -}, = {-,-}. Let us explain
why it is necessary to consider the bracket locally. This is due to the fact that
Q?{_l (M) could be the space of closed forms, even when S™ is nonzero. For instance,
for n = 1, if we take the foliation of the torus where every leaf is dense and S* is the
bundle of forms which are zero when evaluated on tangent vectors to this foliation,
then df € S! only when f is constant.

Actually, the situation described above could still happen for arbitrarily small
open subsets U, not due to topology, but due to integrability. Note that in order
to have a non-trivial space of Hamiltonian forms (where the trivial one would be
defined as the space of closed forms), there must be a non-trivial solution to the
following partial differential equation:

da € 5% a€ QN U),

where da € S means that da takes values in S®. Hence, if we are not careful,
there could be a unique graded Poisson bracket for a given subbundle S™, the trivial
one. The same discussion applies to the graded Leibniz identity and invariance by
symmetries. These properties could be meaningless if there are no Hamiltonian
forms and vector fields satisfying the requirements. In order to avoid this, we can
assume that S™ satisfies the following conditions (the theories to be considered will
certainly satisfy these hypotheses):

(i) Locally, for every 1 < a < n — 1, there exist Hamiltonian forms v;; € Q% (),
and functions f/ such that S**1 = (dfJ A dv,;)-

(ii) Locally, for each 1 < a < n, there exists a family of Hamiltonian forms ~7, and
a family of vector fields X* such that S* = (dy’), £xi77 = 0, and §¢~! =
(dexiy?).

These hypotheses, besides guaranteeing that S¢ is locally generated by Hamil-
tonian forms, also guarantee that we can apply freely the Leibniz rule and the
invariance by symmetries. In particular, we can prove the following theorem.

Theorem 2.1.1 ([18]). Let S™ be a vector subbundle of N" M such that S"~1 =
trpS™, ..., St = vrrS? are vector subbundles of /\n_1 M, ..., T*M, respectively.
Suppose that these subbundles satisfy the hypotheses above. Let {-,-} be a graded
Poisson bracket on the space of Hamiltonian forms. Then, there exists a unique
sequence of vector bundle morphisms, f, for 1 < a <n,

Sf ey V1o M/Kni1-a
M /
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where Kpi1-q = {U € \/
properties:

nil—aM : 1y S"H=e = 0}, satisfying the following

(i) The maps t, are skew-symmetric, namely
Ui (a)B = (_1)(n+17a)(n+1fb)Lub(B)a
for all « € 8%, g € S°.
(ii) It is integrable: For o.: M — S%, B : M — S sections such that a-+b < 2n+1,

and U,V multivectors of degree p =n+1—a, ¢ = n+1—b, respectively, such
that

fal) =U+Kp, 6(B) =V + Ky,

we have that the (a + b —n)-form

0= (1) D9 Lyp 4 (—1)Lya—

d(tya+ (=1)Py B)
takes values in Sqtp—n, and
ﬁa—&-b—n(e) = [Uv V] + K;n—',—q—l-
(iii) For any Hamiltonian forms o € Q4 (M) and 8 € Q71 (M), we have
{a, B} = (=1)% Puy, 4y da. (1)

Conwversely, given a sequence of vector bundle maps satisfying the first two previous
properties, the bracket defined by Eq. defines a graded Poisson bracket of order n.

The previous result induces the following definition:

Definition 2.1.3 (Regular graded Dirac structure of order n). Let M be a
smooth manifold, and S',...,S™ be a sequence of vector subbundles

S4 —— AN"M
|~
M

which are related through subsequent contractions, S¢ = urp St (we do not
necessarily require them to satisfy the integrability conditions mentioned above).
Then, a regular graded Dirac structure of order n on M is a sequence of vector
bundle maps

fa: S =\ M/Kiiia,
n+l—a

where K, ;1_, is the annihilator of S"*17¢ that satisfies the following conditions:
(i) The maps t, are skew-symmetric, that is,
() = (=)D 0

for all « € 8¢, B € S°.
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(i) It is integrable: For a: M — S®, 3 : M — S® sections such that a +b < 2n+1,
and U,V multivector fields of degree p =n+1—a, ¢ =n + 1 — b, respectively
such that

fo(a) =U + Kp, £(8) =V + K,

we have that the (a + b — n)-form

—1)¢
0:= (-1 £y + (1) £y~ " e+ (1)
takes values in S;4p_p, and
ﬂa-&-b—k(e) = [U7 V] + Kp+q—1-

Remark 2.1.3. Note that a regular graded Dirac structure (M, S%, 4,) induces a
graded Poisson bracket on the space of Hamiltonian forms, by defining {a, 8} =
(=1)8n iy, (qp)dor.

Definition 2.1.4 (Flat regular graded Dirac structure). A regular graded
Dirac structure of order n will be called flat if the sequence of subbundles S*, ..., S™

satisfies the integrability hypotheses and

Remark 2.1.4. Equivalently, using Theorem [2.1.1] a flat regular graded Dirac
structure of order n can be defined by a graded Poisson bracket of order n on the
space of Hamiltonian forms Q¢ (M), for 1 < a < n.

Remark 2.1.5. One could weaken the hypotheses of the objects in Definition|2.1.3]
and work instead with vector subbundles of

n+l—p

VMouw A\ M,
P
as in [7}18,/47/48|, corresponding to the image of the vector bundle morphism
D? = {(u,a) € S"T P4 1 (o) =u+ K},

see |18, Proposition IIT A.2]. We prefer to work with regular graded Dirac structures
because of its immediate connection to brackets, which is our main focus in this
paper. Nevertheless, we expect that the results presented here may be extended to
the general case with no difficulty.

Remark 2.1.6. The case n = 1 recovers the usual definition of Dirac structure.
Indeed, a regular “graded” Dirac structure of order one on M (following Definition

2.1.3)) would correspond to a map
§:5 - TM/K,

where S C T M is a vector subbundle. Integrability implies that K is an integrable
distribution in the sense of Frobenius. Then, both skew-symmetry and integrability
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of § translate into
D:={(v,a) e TM &y T*M : f(a) =v+ K} CTM ®&p T*M

defining a Dirac structure in the usual case present in the literature (see [6,/15)21]
22]). Of course, this does not recover all possible Dirac structures, but only those
D C TM @&y T*M whose projection onto T*M defines a vector subbundle. In
any case, we can recover all possible Dirac structures if we work with the notion
presented in Remark instead.

Remark 2.1.7. An important feature of these structures is that they are com-
pletely determined by the structure on degree n, since the vector bundle map
fn: S™ — TM/K; determines the rest defining #,(tya) := n(a) AU + Kpy1—a,
where a € S" and U € \/,,_, M (see [18]).

2.2. Restrictions and quotients of graded Dirac structures

Now we will study induced graded Dirac structures by restrictions to sub-manifolds
and projections to a quotient. More generally, we will define the pullback and push-
forward of a graded Dirac structure by a smooth map (see [8] for the definitions in
Dirac geometry).

Let N, M and P be smooth manifolds, and let M be endowed with a regular
graded Dirac structure (S%,4,). Suppose we had an immersion i : N — M and
a submersion 7 : M — P. One should define the induced structures by ¢ and =
on N and P, respectively, as maximal regular Dirac structures such that both i
and 7 preserve them. The preservation of the structure is given by the notion of a
graded Dirac map. In Dirac geometry (in some contexts called generalized geometry,
see [34]), there are two notions, forward Dirac maps (generalizing pushforward of
multivectors) and backward Dirac maps (generalizing pullbacks of forms), see [8].
Let us first define a general notion of graded Dirac map in order to define the
generalizations of the previous concepts.

Definition 2.2.1. Let (N, 5% 1,) and (M, S%#,) be two regular graded Dirac
manifolds and f: N — M be a smooth map. Then, f is said to be a graded Dirac
map if the following diagram is commutative for every z € N and everya =1,...,n:

(f*)—l (§a|x)ﬂsa}f(m) Iz §a‘x
I
ATHTe (Tf(m) M) / (Kn+1_a + f*(f(n-i-l—a)) e fo = A" (T N) /Kt

Some clarification on the notation is due. First, f induces a map f*: A” T;(w)M —

NTiN, so (f*)_l(ga‘m) denotes the pre-image of §a|x C A“TEN by the pull-
back map. Finally, making some abuse of notation, we interpret the map on the
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left 4, as the composition

st ) M/Kupica—» ) M/(Kupi—a + fo(Knsi-a)),
n+l—a n+l—a

where the second map is the projection onto the quotient. Hence, a smooth map

f+ N — M is said to be a graded Dirac map if it satisfies fa (| f(z)) = fu(fa(f*@))

modulo Ky 1-q + fu(Knt1-4) for every a € S%¢(,) such that f*a € S°.

That Definition [2.2.1] is the correct notion for a structure-preserving map
between graded Dirac manifolds, motivated by the following property.

Proposition 2.2.1. Let (N, g“,aa) and (M, 5% t,) be two regular graded Dirac
manifolds of order n and f : N — M be a graded Dirac map. Let o and S be
Hamiltonian forms on M such that both f*« and f*B are Hamiltonian on N.
Then,

{ffa, f*8} = f{a, B}
Proof. Suppose g € Ql;i_l(M). Then, we have
e, By = (1)1 (14, (ap)da)

= (=1)%8u P f*(1p y, apepyda) = (=1)%81 Fuy e frda = {f*a, f*B},

which finishes the proof. O

Furthermore, in the case that f is well behaved with respect to both graded
Dirac structures, Definition [2.2.1]is not only sufficient but also necessary for a map
f+ N — M to preserve brackets in the sense of Proposition [2:2.1}

Proposition 2.2.2. Let (N, §G,Ha) and (M, S #,) be two regular graded Dirac
manifolds of order n and f : N — M be a smooth map such that for every o €
Q% H(N) there is v € Q471 (M) with f*y = a. Then, f is a graded Dirac map if
and only if it satisfies

{f7a, f*8} = f{, 5}

for every pair of Hamiltonian forms « and 8 on M such that both f*a and f*3 are
Hamiltonian forms on N.

Proof. Necessity follows from Proposition Now, for sufficiency, let a €
(f)71(S%) N S* We need to show that f#,(a) = fifo(f*a) mod K, 11 4 +

fe(Kpt1-q)- Now, since

((f*)—1(§n+1—a) N Sn+1—a>o,n+1—a
— ((f*)—1(§n+1—a))o,n+l—a + (Sn+1—a)o,n+l—a

- n+l—a +f*(Kn+1—a)a
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it is enough to show that 14, (0) = tf.4,(f+a)B for every § € (f*)_1(§"+1_a) N
Snt1=a which clearly follows from the bracket preservation hypothesis. O

Now we can define the desired induced graded Dirac structures as maximal struc-
tures (with respect to inclusion and extension of the corresponding f§ morphisms) on
N and P such that both ¢ and 7 are graded Dirac maps. These are characterized by
two particular kind of maps, those that we call backward and forward, generalizing
the well-known concepts in Dirac geometry [9]:

Definition 2.2.2 (Backward and forward maps). A graded Dirac map
f ¢ N — M is said to be backward if S%, = {f*a : a € S t(z) and
fa(cv) is tangent to f, modulo K, 14}, and it is said to be forward if S%|s,) =
(f*)"2(5%|,) for every a=1,...,n and z € N.

Definition 2.2.3 (Pullback and pushforward of graded Dirac structures).
Let (M, S*,1,) be a regular graded Dirac manifold of order n and f: N — M be a
smooth map (respectively, 7 : M — P, be a submersion). A graded Dirac structure
on N, (§“,Ea) (respectively, on P) is called the pullback of (5%, 4,) (respectively, the
pushforward) if f is a backward (repectively, forward) graded Dirac map between

these two structures.

Some elementary properties are in order.

Theorem 2.2.1. When they ezist, both pullback and pushforward of graded Dirac
structures are unique.

Proof. Let (M,S%1,) be a graded Dirac manifold, f: N — M be a smooth map
and 7 : M — P be a submersion. Clearly, if there are graded Dirac structures on
N and P such that f is a backward graded Dirac map and 7 is a forward graded
Dirac map, the corresponding subbundles 54 are unique, by definition. Therefore,
it is sufficient to check that the choice of the § maps is unique as well. Let us study
both cases separately:

(i) Pullbacks: Note that (f*)~1(S%) N 9@ 5 Gais surjective. Suppose there were
two maps

Hm% : ga — \/ N/[?n-‘rl—a
n+l—a

such that f.(3.(f*@)) = fo(£,(f*@)) = ta(a) modulo Kpy1—q + fuKni1-q for
every a € (f*)71(S%) N S%. Then, for every a € S, we would have

JelBa(ffa)) — f*(ﬁ;(f*a))

€ (KnJrlfa + f*-[?n+1fa) N f* ( \/ N) g f*f{-nJrlfaa

n+l—a
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so that fo(a(f*0) = £(/%0)) € fu(Rns1-a). Hence, ta(f*a) — £4(f*a) €
(fo) Y (fe(Kpnt1-a)). Since this last subspace is easily seen to be K, 14, we
have t,(f*a) — #,(f*a) € Ky 41—q, finishing the proof.

(ii) Pushforwards: Uniqueness in the case of pushforwards follows from the obser-
vation that 7. (K,11-4) C I?nﬂ,a, given that 7* is injective (since 7 is a
submersion). Therefore, if 7 is a forward graded Dirac map, we necessarily
have a commutative diagram

(ﬂ.*)—l(Sa) o Sa

e [ ,

\/n+1—a P/[}n-i-l—a T \/n+1—a M/Kn"‘l_a

from which uniqueness follows. O

Remark 2.2.1. Actually, from the analysis done in Theorem[2.2.T|we can explicitly
compute the pullback and pushforward of regular graded Dirac structures. This will
be useful in the sequel.

We now turn onto the problem of determining the conditions for existence of
both pullback and pushforward of graded Dirac structures. The matter of existence
of pullbacks is purely a matter of regularity:

Proposition 2.2.3. Let f: N — M be a smooth map and let M be endowed with
a regular graded Dirac structure (S, 4,). Suppose

S = {f*a: fa(@) is tangent to f}

defines a vector subbundle of N\ N for every 1 < a < n. Then, there exists the
pullback of the graded Dirac structure by f.

Proof. Skew symmetry of the maps follows easily from the definition. Integrability
follows from the naturality of the Schouten—Nijenhuis bracket. O

In particular, if an embedding i : N — M is well behaved with respect to the
graded Dirac structure on M, then we can restrict said structure to N. However,
the existence of pushforwards is only guaranteed under the following hypotheses:

Proposition 2.2.4. Let w: M — P be a submersion and let M be endowed with a
graded Dirac structure (S%,4,). Then, the pushforward of (S*,1,) exists if and only
if for each pair of points x and y € M such that w(z) = w(y) we have

(i) {a e N T2 \P:(dym)*a€ S} ={ae N*T% P:(dym)a € S},

w(x) w(z)

(ii) Given a € /\aT’:r(w)P such that (dgm)*a € S|, and (d;)*a € S|y, then
(da7)sfa((dem) @) = (dym).fa((dym) ).
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Proof. Clearly, the previous hypotheses allow us to define induced maps Ea R
V., fla P/K, +1-o that are skew-symmetric. Integrability follows from the natu-
rality of the Lie derivative and Schouten—Nijenhuis bracket. O

Such hypotheses are guaranteed, for instance, when dealing with a quotient by
a Lie group action that preserves the graded Dirac structure, so that the space
of orbits inherits a natural graded Dirac structure, namely the pushforward of
Proposition However, an in-depth study of reduction is not the objective of
this paper.

2.3. Fibered graded Dirac manifolds

Now, we shall focus on describing graded Dirac structures compatible with a fibered
manifold 7 : M — X, which is the structure that we use to describe classical field
theories.

Let 7 : M — X be a fibered manifold, namely, a surjective submersion. Let us
first introduce some bit of terminology that we will use constantly throughout our
study:

Definition 2.3.1 (Horizontal, basic, semi-basic forms). A differential (a—1)-
form a € Q*"Y(M), for a > 1, is called:

(i) Semi-basic over X with respect to the projection 7 : M — X if 1, = 0 for
every vector v € TM such that dr-v = 0.
(ii) Basic over X with respect to the projection 7 : M — X if « = 7, for certain
a-form  (which will be unique) on X.
(iii) r-horizontal over X with respect to the projection 7: M — X, for 0 <r < a
if ty,,... v,_,a = 0 for every sequence of vectors vy,...,0q41—r € TM such that
dr - Vi = 0.

Remark 2.3.1. Note that the notion of semi-basic (a — 1)-form and (a — 1)-
horizontal a-form coincide.

Definition 2.3.2 (Fibered graded Dirac manifolds). Let 7: M — X be a
fibered manifold over an n-dimensional manifold X. A graded Dirac structure on
M of order n, (S%,4,) is called fibered over X if the following two conditions hold:

(i) S* consists of (a — 1)-horizontal forms over X.
(ii) Every semi-basic a-form over X is in S°.

Remark 2.3.2. Let us motivate this definition. First, as we will see in Theo-
rem Hamiltonian forms on a graded Dirac manifold will be the forms that
are candidates to have defined evolution. Since we want this evolution to be lin-
ear on the future Hamiltonian, we ask for the a-forms to be (a — 1)-horizontal
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(or, equivalently, at most 1-vertical). Second, it is only natural to ask for basic
forms to have defined evolution. This issue is represented by the second condition.

We now proceed to study the relationship of fibered structures to the previous
constructions of graded Dirac maps, pullbacks and pushforwards.

Proposition 2.3.1. Let 7i: N — X, 70: P — X and 7: M — X be fibered mani-
folds and let 7: M — X be endowed with a fibered graded Dirac structure. Then, both
pullback and pushforwards (if they are well defined) by smooth maps f : N — M
and submersions w: M — P, respectively, are fibered when f and 7 are fibered maps.

Proof. Both are easily checked from the definition of backward and forward graded
Dirac maps. O

Let us study an example which will be of relevance for our purposes:

Example 2.3.1. Let 7: Y — X be a fibered manifold over an n-dimensional base,
X, and let M := N5 Y € A"Y denote the vector subbundle of (n — 1)-horizontal
forms, that is, the space consisting of those & € A, Y such that te,ne,a = 0 for
every e; € TY with dn(e;) = 0. If (2#,%%) denote fibered coordinates on Y so that
7(z#,y") = (z#), the previous vector bundle is generated by the forms

j -1
d"z, dy'Ad""x,,

where d"x and d”’lx# denote dz! A---Adz™ and Lo, d™x, respectively. Therefore,

the subbundle A, Y admits natural coordinates (z*, v, p, p!') representing the form
a = pd"z + pl'dy® A d"‘lmu. There is a canonical form, called the Liouville form
(or the canonical multisymplectic potential)

0 = pd"x + pl'dy* Ad"

which induces a canonical multisymplectic form on this manifold, which is given by
the closed non-degenerate form

Q=-dO = —dpAd'z —dp} Ady' Ad" 'z,

This closed form induces a map b : TM — A" M given by b(v) := ,Q2. This map
defines a monomorphism, so that its inverse #,, := b~! is a well-defined map between
S™:=1Imb and TM:

fn: S" = TM, t,(a)= bfl(a).

In coordinates, this map reads as follows

n 9 i n— 9
“w n—1 0 n—1 1L % n—1 9
fn(dpf Ad" " ay,) = o fo(dp Ad" a, —dpi Ady* Ad" T ) = E
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The reader may check that this is a graded Dirac structure but, as we can see,
it is not fibered over X. This setting (usually done via the form ) is called the
extended covariant formalism of classical field theory. Then, there is the reduced for-
malism, which takes place in the manifold obtained by quotienting M by semi-basic
forms, A]Y so that the manifold is M := A7 Y/ A]Y with induced coordinates
(z*,y", p!). When working in the reduced formalism, the reader may find one of
two options in the literature:

(i) The first option, given a section (representing a Hamiltonian) h : M — M, to
work with the multisymplectic structure induced by Qp, = h*Q, see [13}|43], for
instance.

(ii) The second option, to identify those basic Hamiltonian forms (with respect to
the projection M— M ) whose bracket is still basic, and work with the reduced
bracket on M, see [2,/14], among others.

The first method is uncomfortable if one aims to develop a bracket theory inde-
pendent of the Hamiltonian, so we will work with the second [14]. This actually
corresponds to our notion of pushforward of a graded Dirac structure. The induced
structure is easily seen to be S" = (d"z,dy’ A d" "'z, dpl' A d""lz,) with £,
given by

o
oplt’

£ (dpt A d"ilxu) _ 9

f,(d"z) =0, f,(dy' Ad"'z,) = = o

We immediately see that this is a fibered graded Dirac manifold over X.

Remark 2.3.3. In the extended formalism, there are several and equivalent ways
of determining the dynamics, see [49] for a recent treatment of the subject.

3. Extensions of Graded Poisson Brackets

We now turn to the main objective of our study: defining extensions of graded
Poisson brackets on a regular graded Dirac manifold. More particularly, we are
interested in finding a bracket

Q%N (M) @ Q4 1 (M) — QY (),

that satisfies as much properties of Definition [2.1.2] as possible, where a,b > 1
are now unbounded. As we will immediately see, this bracket will depend upon
certain choices. Nevertheless, there will be pairs of forms such that the bracket is
independent of all choices made. These pairs will then be used to define dynamics.

We will use the techniques employed in [32,|41], that is, we start by defining
a suitable extension of the § mappings to a larger family of forms, and then the
brackets will be defined by Eq. up to a constant, namely

{o, B} := (=1)%81 P Cuy qyda,
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where « and S are suitable forms of arbitrary degree and #(d) is the aforementioned
extension. Our study is divided in three steps:

(i) First step: In order to motivate the construction in the two subsequent steps,
we show that the maps

fa:S"—= \/ M/Kniia
n+l—a
for 1 < a < n may be extended to maps f, : S® — Sb~¢ OVps1—a M/Kniia
Furthermore, one may define the brackets using any possible extension, since
we will show that there is a constant Cj j, such that Ly(8)Y = Cap - Lo (8)Y for
every B€ S° b>aandy € S° withc>n+1—a.
(ii) Second step: We show how to extend the first f~-mapping

f1: ' = \/ M/K,
to a map f1 : (S1)"e — /\“_1M®\/n M/K,,, where

a a
=N\ = AM,
in a canonical way, for arbitrary a. This extension will allow us to introduce a
bracket of Hamiltonian (n — 1)-forms and arbitrary forms © with d® € (S1)"®
using Eq. . This is the bracket that we will use to define dynamics.

(iii) Last step: We deal with the issue of extending the rest of the f#- mappings
to forms of arbitrary degree. Compatible extensions of li] with the map ﬁl
presented in the second step will only exist for a particular subfamily of forms,
those whose exterior derivative takes values in a particular subbundle which
we denote by S?[j]. Thus, we will look for extensions Ej S - AT M®
AV M /K , and study their main properties.

3.1. First step: Extension of # to S®, forn >b > a

Just as a motivation, let us first notice that we may extend the mapping

fa: 8= \/ M/Kni1a
n+l—a

to every subbundle S°, with n > b > a, but first, let us briefly explain a very useful
technique that we will employ throughout the paper:

Remark 3.1.1. Throughout the rest of the text, we will exploit the fact that given
a linear map between vector spaces f: V53 ® V3 — V5 there is a unique map

g Vi—= VeV

such that, for every v; € V4 and v3 € V3, we have (g(v1),v3) = f(v1 ® vs), where
(,y: (Vo ® V5) x V3 — V4 denotes the natural pairing. Indeed, g is simply the
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adjoint of the map f, taken on the second component of the tensor product. In
most cases, V3 will be a space of forms, e.g. V5 = 5%, and we will identify

(Sa)* = \/ M/Kn+1—a7
n+l—a

where the pairing is given by contraction. We will refer to this process as taking
adjoints.

Proposition 3.1.1. For1 <a <n and a < b <n there is a unique extension

fa S St \/ M/Kpt+1—q,

n+l—a
such that, if f € S® and v € S¢ with ¢ > n+ 1 — a, then we have

b+c—(n+1 b+c—(n+1))!
Lna(m—( ' b_(a+ )>Lm(m— (b_(a;(a+i_+(n)}r mieer ()

Here, contraction by a multivector valued form is defined as tgguy = 0 N Ly,

generalizing the usual contraction by vector valued forms (see [32]).

Proof. Particularizing Eq. for v € S"179 we must have L, (B)Y = Lgy(8)Y- The
second term defines a linear mapping

Sb ® Sn+17a N Sbfa.

Taking the adjoint of the previous mapping (see Remark , we see that there
exists a unique map

#0980 = S \/ M/Kpi1-q

n+l—a

that satisfies Eq. for c = n+ 1 — a. It only remains to check that such a map
will also satisfy it for arbitrary n > ¢ > n + 1 — a. This will be a consequence of
the following lemmas:

Lemma 3.1.1. Let V be a finite dimensional vector space and u € \' V. Fora > p
we have an induced map

a a—p
/\V* — /\ V*  a—o.
Then, interpreting this linear map as an element C,, € NP V* @ A"V, we have

Cu = (1P A= uA Ty,

where 1,_, € N PV* @ APV denotes the identity, and the exterior product is
given by (0@v) ANu=0Q (vAu) oruN(0@v) =0 (uAv).
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Proof. Let {e;} denote a basis of V and suppose u = u"*"re;; A--- Ae;, . Then,

J1 Ja — J1-eJa i1..0p pkpy1 ka
L€t N Ne 511.4.1pkp+1...kau e AN+ ANete,

Hence, we have

_ §J1--Ja i1.0p JKpr1 A L ka . .
C, = 5i14..ipkp+1..ikau PeiPL Ao NeTE ®ej Ao Aej,.

Furthermore, 1,_, = ekrti Ao A eFe @ €kpi1 N+ A ek, and we have

]la_p/\u:u“'“i”ekp“/\~-~/\ek“®ek AN Neg, Ney N+ Nej,

p+1

— j1~~~ja le k +1 . k . . X
= 6kp+1.__kai1_“ipu PePT N NeT ®@ej N Nej,

_ (71)17(&*17)5?1“4}1

i1edp okpt1 AL A R N ,
= gy kg TETTEN N ET @ egy N N e,

where in the last equality we have switched kpy1 ... Ekq%1...9p to 41 ... ipkpp1 .. kq.
Comparing both expressions, we conclude that C,, = (—1)17(6‘_1’)1&,1, A u, finishing
the proof. 0

Lemma 3.1.2. Let 1, € A" V* @ A"V denote the identity. Then, for b > a, and
B e /\b V*, we have

b b!
= (o)

Proof. Again, let {e;} denote a basis of V and suppose 8 = B;,. i,€ A -+ e,
Now, since

To=e" ANl @ej, Ao Ney,

we have
1,8 = Bir.iy€ N Nede A (LehA-.»/\ejae“ A=A eib)
- 6;1:::;‘Zka+1..,kbﬁil...ibejl Ao Neda A eRatt AL A ekt
. a
which finishes the proof. .

Using Lemma it follows that for B € S with b > a, we may write

fa(B) = 1(8) Ap—a.
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In general, notice that for a multivector valued form § ® v € A*V* @ A7V, and
u € APV we have that
Lun(0@v)Y = Lo (urv)Y = O N tupvy = 0 A Loluy = togulu?Y

for every v € A\°V*. Hence, for v € S¢, withn >c>n+1—a,

Ha(B)Y = Moot (8)7-
Now, since ¢ > n+ 1 — a, we have ¢ — (n+ 1 —b) > b — a and, using Lemma

we conclude that
b+c—(n+1)
YUa ()Y = b—a La(8) s

which finishes the proof of Proposition |3.1.1
Remark 3.1.2. This implies that in the definition of graded Poisson brackets we
can use any # mapping, as long as we are careful with the degrees of the forms to

be considered and the coefficients appearing in Proposition [3.1.1} Indeed, we know
that

o bt+c—(n+1)\ "
{v,8} = (-=1)* gHﬁ( b_(a )> Ua(ap)d7s

B et b—a)l(c+a—(n+1))!
= (-1)teen? (b+c—(n+1))!

for every 0 < a < b, and n+ 1 —a > ¢, since we have
b+c—(n+1)
Ly (ap)d7-

dvy =

L (dp)dY ( b

Remark 3.1.3. Also note, as it follows from Lemma[3.1.1] that we have an explicit
expression for f,(3), namely

L, (ap)dy
—Qa

fa(P) = t(B) AL

This will result useful in the sequel, being the condition we will impose for compat-
ibility among extensions.

3.2. Second step: Extension of #; to (S*)"®, fora > 1

We are now ready to start defining the extensions of the f§-mappings.

Theorem 3.2.1. Let (M,S5%4,) be a reqular graded Dirac manifold of order n.
Then, there exists a unique extension of fi1,

~ a—1
(shhe B A\ M@y \/ M/K,
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or all possible values of a > 1, such that for any o € S™ and B € (S')"* we have
f p Y

(B = (1" a

Proof. Note that the map a ® 8 — (—1)("“’“)%”(&)6 for a € S™, B € (SHNe
defines a map S ® (§1)* — A®~" M. Taking the adjoint (see Remark 7 we
obtain #; : (S1)"a 1IN A! M®\/, M/K,. By construction, it satisfies the required
equality.

Furthermore, the equality ¢y, (o)8 = (—1)(”"’1_‘1)3&1(5)@ just means that El is
the adjoint (in the previous sense) of the first map defined. |

Remark 3.2.1. Signs are chosen throughout the text in the # mappings so
that the following equality holds: ty(s)3 = (—1)("F1=(+1=b),, oo maintaining
skew-symmetry as in Definition 2.1.3] Note that this is the condition imposed in
Theorem [3.2.T

Remark 3.2.2. The previous extension of f; recovers the construction by Michor
in [41] and by Grabowski in [32]. Indeed, it is easily shown that the map from
Proposition [3.1.1] satisfies

B0 A AOy) = (—1)*H Z(fl)ﬂ“el Ao NO A N, @ 11(0)),
J=1

so that it defines an anti-derivation, which is the main property used in both cited
papers for their respective construction. We prefer the point of view of the proof
of Proposition because of its immediate generalization to different degrees,
which is not so easily accomplished from the point of view of derivations.

As a corollary of Proposition [3.1.1] we can define an extension of brackets for
Hamiltonian (n —1)-forms and forms of arbitrary degree in a suitable subspace: Let

QN M)[1] :={a € Q"1 (M) : da € (ST},
The extension of #; defines a bracket
n— a— {3 a—
QM) @ QN (M)[1) —— QM)
by putting
{@,0} := (~1)%®n O 1 da (3)

By Proposition this bracket coincides with the original one for Hamiltonian
forms © € Q4% 1(M), 1 <b < n.

Remark 3.2.3. The diagram below shows the achieved extension with this first
step: There is a point on the coordinate plane (dega, deg3) if we can evaluate a
bracket on a suitable pair of forms of such an order. In the gray square, we have

2650243-22



Classical field equations using extensions of graded Poisson brackets

represented the original bracket of Hamiltonian forms, and we have extended it to
the case (n — 1,a) or (a,n — 1), for arbitrary a > 0.

ord 8
[ ) ’
Brackets defined by Bl / d
s
o ,
s
v ’
s
® .

Original brackets

ord «

Trivially zero

We now turn into studying elementary properties of the previous extension,
dealing with the problem of how many properties of Definition remain.

We will find useful the fact that we may compute 1 (d{a,©}), where a €
Q7Y (M) and © € Q1 (M)[1]. Indeed, we have the following proposition.

Proposition 3.2.1. Let © € Q% (M)[1], and o € Q' (M). Then,
({0 ©}) = —£3, (a0 (£1(d0)).

Before proving the previous proposition, let us first show that the bracket is
closed.

Lemma 3.2.1. Given o € Qf (M) and © € Q" Y(M)[1], we have {a,0} €
Qe (M)[L].

Proof. Let a € Q7% (M) and © € Q% '(M)[1]. We need to check that {a, 0} €
Q4 ' (M)[1], which is equivalent to diy (4a)d® € (S')Aa. Now, the last requirement
is satisfied if and only if 1, iy, (4a)d© = 0, where K; = (S1)°1. Indeed, let X be
a vector field taking values in K;. Then,

Lxdl,ﬁ"(da)d@ = fdeﬁ”(da)d@ — dbxbﬁn(da)d@ = JE)XdLﬁn(da)d@
= dfoﬁ”(da)d@ = dL[X,ﬁ”(da)]d@ + dLﬁ”(da)fxd@
= degx ()] 4O,

which is zero, as [X, #,(da)] takes values in K, since the graded Dirac structure is
integrable. a
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Proof of Proposition In order to prove the equality, let us check that
contraction against an arbitrary form f taking values in S™ by both sides of the
desired equality yields the same result. Indeed, using the defining property of #;

(see Theorem and that dO© € (S1)", we get
1, (d{asop)S = ()", 5 d{a, 0} = — 4,844, (qeyda
= —£4.8) 5, a0y 4 T i, ()7, (1) A
= (=D)L () ,(00) O + i (5) 15, (g A

Now, rewriting the leftmost term employing the formula £xiyw = (xyjw +
Ly £xw, we get

" (1,0 (8) 4 (40 4O

% (afasopP = —(=1)
+ U (da) £4,(8)40) + dig, (8)13, (g de- (4)

Recall that (S%,4,) is a graded Dirac structure, so that we have [f,(5), . (da)] =
fn(n), where

1
n=L£y,@da = £y, @008 + 5 At@a)S — tu)da) = —Ly@amb ()
Using Eq. together with Eq. we obtain

T (U (8) 40 ()] AO + 1, (d0) L1 (5)4O) + dug, (5), (aeyde

faepf = —(=1)
=~ (=)™ (1, (O + 13, (d0) £, (5)4O) + dig, (517, (aeyd
= — ()" ()" 4oyt da) £, 4O)
+ diy, ()15, aeyde
= 1, 40) L) = (=) 170 (da) £4,()d0 + dug, (5)15, (ae) Ao

Now it only remains to rewrite %(da)fﬁn(da)ﬂ = _L£nn(da)51(d@)”8+ £ﬁn(da)% (d@)ﬂ
to get

Hafeent = Tle, ahiae)? T Liada)g we)f
= (1" 7%, a0) L1540 + g, (5) 17, (g0 dev
- _Lfmda)gl(d@)ﬂ’

finishing the proof. O

Now we turn into studying its properties under contraction by vector fields.
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Proposition 3.2.2. Let a be an a-form taking values in (SH)" and let X € X(M).
Then, txa € (SHMNOD and fy (1xa) = —ix 1 (), where contraction, is interpreted
as tx (0 ®@u) = (Lx0) @ u.

Proof. Indeed, let v = 01 A --- A 0, where 0; € S for every i = 1,...,a. Then
B1(01 A= A0a) = (1) 35 (1) A A A A0 @1 (0 ) so that

Lxﬁl(el AN /\tga)

= (=1 0(X) A AO A A A Ay @ 11 (0)

j=11i<j

ZZ@ YOLA AN AO ANy @ 11 (6;).

j=11i>j

Now, tx (01 A+ Abg) => 5 (—1)7T10,(X)6; A - - AO; A+ A, and

1=

Hl(LX(el AN /\ea))

ZZ() YOLA - NG A NO A Ny @ 1 (6;)

i=1 j>1

a+1229 91/\ éj/\"'/\éi/\'“/\Ha@ﬁl(ej),

=1 j<t
which finishes the proof. a

Theorem 3.2.2. The extension of the graded Poisson bracket on a graded Dirac
manifold defined by the extension f1 satisfies the following properties:

(i) It is graded-skew-symmetric.
(ii) It satisfies invariance by symmetries: If £x0O = 0, for some vector field X €
X(M) and differential form © € Q% (M)[1], then {a,1xO} = —ix{a, ©}.
(iii) It satisfies the (graded) Jacobi identity for «,B € Qi (M), and © €
Q%1 (M)[1] up to an exact term:

{a,{8,0}} + {0, {a, B}} + {B,{0©, a}} = exact form.

(iv) It satisfies the Leibniz identity, for o € Q1 (M), ©1 € Q4 (M)[1] and
0, € QB (M)[1], we have

{a, O1 A d@z} = {a, @1} A dOy + (_1)a1d@1 A\ {Oé, @2}

Proof. (i) It is satisfied by definition.
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(ii) Indeed, suppose £x0 = dex© + txdO = 0. Then, for every a € QTI}_l(M),
we have

{a,ix®} = (=)™ % g o gydar = (=1)* Oy, (g dr
= _(_1)dch ebegl(dG)dOt = _(_1)dch GLXLgl(d@)d
= —1x{a, 0},

where in the third equality we have used Proposition [3.2.2
(iii) Finally, for o, 8 € Q% 1(M) and © € Q% ' (M)[1], we have

{{a. 8}, 0} = (=1)"""13, (o) M, B = —14,,(a1a,6H 4O = t}t,,(da) £ (a5)1 4O

= £, (da) . (dp) 4O = 1, (d6) £4, (da)dO
= dug,, (da) b4, (a8) 4O + 14, (aa)dig,, (ap)dO — 14, (ap)dig, (da)dO
= duy, (da)t4, ap)d0 + {{O, B}, a} — {{©,a}, B},

frow which Jacobi identity follows.
(iv) First notice, as d©; € (S1)"\% that we have d©; AdO, € (S1) Na1+22) Now,
we have

{a,01 A dO,} = (—1)de8n(©17dO2) dor = —14, (da)(dO1 A dO2)

jil(d@lAd@g)
= —{@17OZ} AdOy + (—1)a1+1d@1 A\ {@2, a}
= {a,@l}/\d®2 + (—1)a1d@1 /\{Q,GQ}. O

Remark 3.2.4. Note that we cannot use the values of El to define a bracket on
QL (M) @ Qb ] Ly qert—( D) ()

for a < n, as it would be trivially zero.

3.3. Last step: Extension of i, to a suitable family of forms

For the sake of exposition, let us first discuss how to extend the brackets of the
previous step to a bracket {a, ©}, where a € QF *(M) and © € Qf H(M)[1].
Following the proposed approach, we would need to find an extension

" a—2

f2: (S > AN Me \/ M/K,_,.

n—1

In order to define the new extension by Eq. . we need to ask that for compatibility
with ﬁl, so that we require ﬁl = ﬁg A1y (following the same idea behind the formula
in Remark [3.1.3 _, where the exterior product is understood component wise. An
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analogous computation to that in Lemma shows that the previous requirement
is equivalent to f#o satisfying

0% T Gie)®

It could happen that such extension does not exist and thus, we need to restrict to
the following subspace, which we shall assume to be a subbundle:

a—2

592] = {@ e(SHM:3h(©) e \ M

® /\ M/K, 1 with U@ = G, )@ Va € S”} .

n—1

Following the notation of the previous section, we obtain a bracket

n— a— {odg a—
Q2 (M) © Q5 (M) 20— 0o=2(u),
where
Q4 H(M)[2] :={a € Q*"H(M) : da € S°[2]}, {a, 0}, = (—l)degHe%(@)da.
We now proceed iteratively and define
Sa[j] = {@ c (Sl)/\u : Hﬁ](e) S /\ M
/\ M/K,11_; with )% = e Ya & s" (6)
n+l—j
and then choose a map
a—j
- /\ M® \/ M/Kpni1j,
n+l—j
that is compatlble with all the previous choices ﬁl, ﬁg, . ,Ej 1 (compatible meaning

8= C(i, ])ﬁj A1;_;, for a suitable constant C(i, j) to be specified later) to then
extend the bracket to

Q7 (M) © Q3 () 2 00 (M), {a,0); = (~1)ten O

7, (a) e

(7)
where
Qi H(M)[j] = {© € Q*~ (M) : d© € S]]} (8)

with @ > j. The following diagram represents the pairs of forms on which we can
evaluate the bracket given the extension f;, extending by skew-symmetry and using
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Eq. :

Brackets defined by ;
ord 8
e o o ’

Y
e o o .

7/
e o o .

ord «
The previous discussion motivates the following definition.
Definition 3.3.1 (Extension). A collection of maps
" a—1
ﬁil Sa[Z} — /\ M® \/ M/Kn+1,i
n+1—1

for a > i is called an extension of f; if we have El = EZ AT1;_1 (so that the compati-
bility condition is satisfied).

Remark 3.3.1. The reader may notice that the definition of the bundle S%[j]
does not depend on the mappings 527 . ,Ej,l, and may correctly point out that an
extension of Hj defined in the whole bundle S*[j] that is compatible with the pre-
vious extensions may not exist. This would mean that an extension of the brackets
(following our construction) compatible with the previous extensions is not possible.

Let us give some initial results concerning these vector subbundles.

Lemma 3.3.1. Let V be a finite dimensional vector space and let 1, denote the
identity on N\*V* @ N\*V. Then,

b
T, ALy = (a: >]1a+b.

Proof. Let {e;} denote a basis of V' so that
Ly=e""" Qe i, Ly=e"""@e .
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Hence,
i1 eeesbasd1sendb T7sv i a+b
TonTy =e @ €it,esiaritoeis = 5ﬁ 5fj€ ®ey = u Toys,
which ends the proof. |

Proposition 3.3.1. For (M,S% ,) a regular graded Dirac manifold we have the
following:

(i) Let Ej S - AT M Vig1-j M/Kny1-; be a vector bundle map satis-
fying LH'(a)ﬂ = )6 for every B € S™. Then, there exists a unique extension
fi: Sl = AT M @V, M/ Knpa—i, for 1 <i < j, satisfying the fol-
lowing two properties:

(a) For every v € S""1=" and o € S[j], we have

_ (i1 .
BT T\ ) @

(b) For every f € S™, and o € S°[j], we must have 4, )ﬁ a)ﬁ.

(i) S*[j+1] CSj], for1<j<mnandl<a.

(iii) For X € X(M), we have tx : S[j] — S*1[j — 1] for every a > n and
2<j<n.

Proof. (i) Let a € S°[j]. Then, we can define a map S"t % — A*""M

by v — (?:1)_1%(0)7. Taking the adjoint of this map, we obtain an element

fi(@) e A" M ®\/,,1_; M/Kpy1_;. This clearly satisfies the first property. In

order to check the second, let us recall that the compatibility conditions read as
=t AL,

which holds in this case since we have Hi = (] 1) ljj A 1;_; (by Lemma (3.3.1),

]lj z/\]11 1= (] l)ﬂj 1 and ﬁl*ﬁj/\]]-] 1-

J—
(ii) The construction applied in item MClearly proves the inclusion.

(iii) Let o € S%[j], so that there exists f;(a) € A*7 M ® Vi1 M/Kn+1 j
such that %(a)ﬂ F (a )5 for every 8 € S™. Define ]ij 1txa) = fbxﬁ] 1(a) =

(—1)“‘jHj (a)AX, where ﬁj 1(@) denotes the unique extension of ﬁj a) from 1temn
Then, for arbitrary 8 € S™ we have

BB = ~hxyeB ~ (D T aaxB =l @B — (FDT g 0y ex B
:—Lx(l,gj(a)ﬁ)_F( 1)n+1+a 2 Lxﬁ - )n+1+a a)bxﬁ
= —1x(13, ()P = ()

B,

where in the last equality we have used Proposition |3.2.2 a

= Wixa)
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Let m = dim M. Then, Proposition |3.3.1] gives the following picture of the
subbundles S[j] and the relations between them:

S™Mn] — SMn—1] —— -+ ——— SM[j] —— S"[j - 1] —— .- — S™[1]

Se[n] — S%n — 1] Selj] — S — 1] sa1]

wM RM \LT)M YM
s

$e 1) < 50 n 1] s - §a1[] o S — 1] e e s So71]1

w{ \W o N M XNI

S"+1[n] s Sn+1[n_ 1} [N S S"Jrl[j] s S”Jrl[j _ 1] Sn+1[1]

We have horizontal arrows representing inclusions from item and diagonal
arrows representing contraction by vector fields from item [(iii)|

Therefore, by Proposition [3.3.1} we can only hope of finding a global extension
if we define a final vector bundle map f, : $%[n] — A* " M ® TM/K, for a > n.
Then, we may obtain the associated extensions as

fi= <” - 1) oA, ()

and defining the space of Hamiltonian forms as

)

L Q41 (M) a<n-1
Q (M)[n] :=
{a € Q*(M): da € S*[n]} a>n,

we may define a bracket

QL (M) © Q0 (M) ] s Qe (a)

)

as follows:

{91a92} if deg@hdeg@2 S’I’L—l,
{@1,@2}%}] = . (10)

( 1)degH ®2Lgn(d® )d@l if deg ©s > n.

Remark 3.3.2. We will give dynamical interpretation of all possible extensions
(compatible with a fibered structure and restricted to certain subfamily) in the

following section (see Theorem [4.1.2)).

Suppose that a final extension is chosen, #,,: $%[n] = A* " M @ TM/K;. We
now turn into the discussion of how many properties of Definition [2.1.2 remain valid
for the bracket {, '}Hn’ depending on the particular extension f,, chosen. Unlike

the bracket induced from Hl, these extensions do not satisfy all the properties of
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Definition Nevertheless, we can give sufficient conditions on the map En SO
that these are satisfied:

Theorem 3.3.1. Let £, : S%[n] — A"~ “M @ TM/K, be an extension of 4, and
denote by {-,-}; the induced bracket on Q (M)[n]. Then it satisfies the following
properties:

(i) We have {a,0}; = —(—1)desn “degHe{@,a}En for a € Q% (M) usual Hamil-
tonian form and © € Qb (M)[n].

(ii) If 8, satisfies fn_1(txQ) := —txtn_1(a)—(=1)*"",(a) A X, where §,,_1 is the
unique extension given by item of Proposition it satisfies invariance
by symmetries: For X € X(M), if £x0 =0, then {O1,1x02} = —1x{01,0,}
for every ©1 € Q*(M)[n], with a > 2.

(iii) If fn(d{a, ©1}) = —£ﬁ7l(da)gn(d@1), then it satisfies a Jacobi identity:

{0,{01,02}} + {02, {,01}} + {O1,{O2,a}} = exact form
for a € QU7H (M), ©1 € Q% (M)[n] and ©2 € Q% (M)[n].

Proof. (i) Graded skew-symmetry is given by definition.
(ii) Follows from a similar computation to that done in item (iii) of Proposition

B.31
(iii) Again, follows from a similar computation from item (iii) of Theorem
O

4. Dynamics on Fibered Graded Dirac Manifolds

In this section, we apply the constructions of the previous section to define dynamics
and study the evolution of arbitrary forms.

4.1. Fibered extensions, Hamiltonians and Hamzilton—De
Donder—Weyl equations

Let us first give a description of dynamics on graded Dirac manifolds, defining
the equations of classical field theories in terms of Poisson brackets. We first need
to define what we understand by a Hamiltonian, the object that will define the
dynamics.

Let 7: M — X be a fibered graded Dirac manifold (see Definition [2.3.2)), whose
# morphisms we denote by

Ba: 5% — \/ M/Kpi1—a.
n+l—a

We denote by Hl the extension defined in Theorem and by 1,, the identity on
N'M&\, M.
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Definition 4.1.1 (Hamiltonian). A Hamiltonian is an n-form H € Q% (M)[n]
such that —f1(dH) + 1,, is a semi-basic form that satisfies ¢
every semi-basic n-form w.

h(dH)41,W = W for

Remark 4.1.1. Recall that El (dH) is an n-multivector valued n-form, so that the
expression in the above definition makes sense. Also, it still makes sense to talk
about the notion of semi-basic (as well as that of r-horizontal) multi-vector valued
forms.

Remark 4.1.2. The last condition ¢
for every semi-basic n-form w.

h(dH)41,W =W is equivalent to G am¥ = 0

Remark 4.1.3. Note that S™ contains all semi-basic n-forms over X, so that K, is
contained in the space of 1-vertical multivectors, namely those multivectors taking
values in (ker dr A \/p_1 M). Hence, it still makes sense to consider vertical valued
sections of \/,, M/K,,.

Example 4.1.1. Let 7: Y — X be a fibered manifold. Let A5 Y be endowed with
its canonical multisymplectic structure and reduce it, following Example to
a fibered graded Dirac (in fact, Poisson) structure on 7: A7 Y/ A]'Y — X. Then,
given a section h: Ay Y/ ATY — A3 Y, we have that 7 := h*© is a Hamiltonian
for the corresponding graded Poisson structure on M = AJY / A1'Y. Indeed, in
canonical coordinates, we have S™ = (d"x, dy’ A d"_lxu, dpt' A d”‘lxu) and

o Wl O
~ o b (dpt A d xﬂ)_ayi.

ﬁn(dnx) =0, ﬂn(dyl A dn_lxu) =

An immediate computation shows H = Hd"x — p!'dy’ A d”_lxu so that

oH _ | OH :
dH = 7 dy® Ad"z + deg Ad"z —dpf Ady' Ad" Ty,
We have (for complete details regarding these computations, we refer to Sec.
~ 10H 0] on—1 O0H 0 o1t
dH) = ——d" — A - ——d" - A
ha(d%) n Oyt T oplt = om—tx,  OpY T oyt ol
) o an—l 1 o 8n—1
dyt Adt — A —— 4 —dpt' Ad"? — N
+dy Ty ® oy o1z, + 4P Ty ® op " o1z,

Therefore, —Hl (dH) + 1,, takes the expression

opit "~ omlx,  opl dyt - ol oz’

" n oy
which is clearly semi-basic and satisfies L_F, (a%) Hlnd"x = d™x, proving that it is a
Hamiltonian in the sense of Definition

Now, since —Hl (dH)+1,, is semi-basic over X, this allows us to define dynamics
as follows.
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Definition 4.1.2 (Hamilton-De Donder-Weyl equations for #). We define
the Hamilton—-De Donder—Weyl equations for a section v : X — M as

¢*(da) =" (da + {a, H}) = (3, gy 1, 900
for every a € Q7 H(M).

Remark 4.1.4. Note that, by definition of the Hamiltonian #, we have that the
form da + {«, H} is semi-basic over X. Hence, it may be interpreted as a map
M — \" X,

A" M

da+{o¢,’H}/

so that we may write ¥*(da + {a,H}) = (da + {a,H}) o 9. In this way, the
Hamilton-De Donder—Weyl equations read as

¥ (da) = (da+ {, 7)) o ¢

for every o € Q?fl(M), which generalizes the equation ?T{ = %{ + {f,H} from

classical mechanics. From now on, we will write the equations in this way.

Remark 4.1.5. Note that the condition L dH) 41, W T W guarantees that for
basic (n — 1)-forms w, we obtain dw + {w, "} = dw, so that the evolution of basic
forms is always determined, as it should be.

Example 4.1.2. Let us write the equations for the Hamiltonian of Example
Note that we have

o de H _
{a,H} = (=1)%®n %, (amyda = _L%(dH)da'

Taking o to be yid”_lxM and pfd”_lxu we obtain

OH

{y'd" 'z, H} = Wd"x —dy' Ad" ey,
0H
{ptd"tz, H} = — oy d"z — dpf Ad" "z,

so that the equations determined by H for a section ¢: X — M given locally by
y'(z) and p!'(z) read

ayi n * i n— 7 n— i n— OH n
wdx:zp(dy A"z, = (dyt Ad" e, + {yid 1mM,H})ow:wdx
op! _oH

—td"r = (dpf Ad" ) = (dpt Ad" T ey, + {pEd T e, HY) o = -d"z,

recovering the well-known Hamilton-De Donder—Weyl equations of classical field
theories.
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In many cases, it will be interesting to have a linearized version of a solution.
This corresponds to the following definition.

Definition 4.1.3 (Linear solution). A linear solution is a connection (given by
a horizontal lift) on 7: M — X, h, such that

h*(de) = da + {a, H}g,
for every a € Q1 (M).
Regarding the extensions studied in Sec. [3.3] we have the following proposition.

Proposition 4.1.1. Let H be a Hamiltonian on a regular graded Dirac manifold
of order n, (M,S% #,). Then, given an extension

B S"H 0] = T*M @ TM/K;

of 4 in such a way that Hn(d’}-[) takes vertical values, we have that —f, (dH) + 14

s semi-basic and that ¢ w = w for every semi-basic 1-form w.

—fn (dH)+1,
Proof. Let o € 8" and v € \/,,_; M. Then, since —#1(dH) + 1, is semi-basic,
-4, ('d?_[)a—i—a is Semi.-basic (since we have L’gl(dﬂ.)a = G, (am) % by the compatibility
condition). Contracting by u preserves the semi-basic character, so that

Lu(—LHn(dH)a +a)= —Luly, ()@t tu

= —LHn(dH)LuOé + Ly + L et

fin (dH)

is semi-basic. The proof will be finished once we show that the last term b aryn®
also is. Indeed, since f;(dH) takes vertical values, U, (apt 1s at least 1-vertical and,
together with the fact that a is at most (n — 1)-horizontal, implies that b
w = w for every

u

is semi-basic, which finishes the proof. The fact that L_F, (am)+

semi-basic 1-form w follows from Hn taking vertical values. m|

We now deal with the problem of interpreting the possible extensions of the
brackets in terms of the dynamics determined by a Hamiltonian.

Fix a Hamiltonian H and an extension En that satisfies the hypotheses of Propo-
sition [f.1.1] Then, we get a map

St (T X), 60— 0.

Fa(an)
that is the identity on semi-basic forms. Taking the adjoint, we obtain a vector
bundle map

v T (TX) - TM/K;y,

such that 7, o vy = idpx (recall that the projection is well-defined modulo K,).
This map can be thought of as the horizontal lift of a connection “up to K;”.
This connection will solve the Hamilton-De Donder—Weyl equations. We have the
following result formalizing the previous idea.
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Proposition 4.1.2. Let h be the horizontal lift of an Ehresmann connection on
T7: M — X. If its horizontal lift modulo K1 coincides with v¢, we have that h
solves the Hamilton-de Donder—Weyl equations determined by H.

Proof. Since the horizontal lift of i coincides with v modulo K;, we have h*0 =
0 — 17, (430 for every 6 € S . Therefore, we can write

(01 A~ ANBy) =h"01 A--- ANR¥0,
= (01— 15, a0 A+ A (O — 1, 430y Pa)
for 6,,...,0, € S'. Hence, since Hn takes vertical values, if every form 64,...,6,
but possibly one is semi-basic, we may write
RO AN NO) =01 N--- N0, _LH"(dH)(al A ABy).
In particular, letting a = n and « € S™ we have (employing the fact that En is

an extension) h*a = o — i (@)@ = @ = 15 (43y@ Which clearly implies h*(da) =
da + {a,H} for every a € Q1 (M), finishing the proof. a

Notice that the previous computation works for any form o € S%, and for
arbitrary a, so that we have that suitable extensions of the brackets give a possible
evolution of arbitrary forms, that is, if we denote by {-, -}3 the induced bracket by

the extension f, (see Eq. (L0)), we have the following theorem.
Theorem 4.1.1. Let %, be an extension that takes vertical values, H € Q™(M)[n] be
a Hamiltonian and h be a horizontal lift of an Eheresmann connection whose vertical

lift s vy modulo Ky. Then, h solves the Hamilton-De Donder—Weyl equations
determined by H and we have

hy(da) = da +{a, H};

for any a € Q(;{l(M), with 1 < a <n.

Proof. From the previous computation, for a € Q?{_l(M ) we have

h*(da) = do — i (g3yda=da+{a, H}; . O

We would like to end this discussion with the following result, which gives the
relation between the possible extensions and the possible choices of solutions. Before
stating and proving it first note that the space of Hamiltonians is affine, and so is
the space of Ehresmann connections. Furthermore, if we are exclusively interested
in studying the equations defined by Hamiltonians, we can restrict to those forms
whose exterior derivative takes values in the following subbundle:

I:={ae " [n]: —fi(a)+ 1, = semi-basic}
and study extensions of the § maps defined only on T.
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Theorem 4.1.2. Suppose that, locally, S™ = (day, ..., dayg), for certain Hamilto-
nian forms aq,...,ax. Then, there is a bijective correspondence between vertical
valued extensions #,, defined on T' and the family of affine maps

v : {Hamiltonians} — { Horizontal lifts modulo K1},
satisfying the following two properties:

(1) If dHale = dHale, then ya|o = Y2,
(ii) If h is a connection such that its horizontal lift coincides with v(H) modulo K,
then h solves the Hamilton—-De Donder—Weyl equations.

Proof. First, given the vertical extension of En, we obtain the corresponding map
~ as before, that is, noticing that the map

df = df +{f,H} = df — ;5 (43S

defines a map S — S! that takes values in semi-basic forms. By taking the adjoint
we obtain the corresponding horizontal lift. Conversely, let v be such a map and,
for every Hamiltonian H € Q% (M)[n] define §,,(dH) to be the (1,1) tensor field
defined by

LEn,(dH)df =df — h*df,

where h is the horizontal lift associated to the connection ~(H). The first required
property on vy implies that it defines an extension

b T 5T M ®TM/K,

and the fact that v(dH) solves the Hamilton-De Donder-Weyl equations, together
with the assumption that S™ is generated by the exterior differential of Hamiltonian
forms, implies that

Hl :En A ]ln—la

so that it defines an extension of the brackets. O

4.2. Differential forms with defined evolution

We have shown in Sec. 1] that extensions of brackets define linear solutions for
every possible choice of Hamiltonian in a way such that the expression da+{a, H}Hn
gives a possible evolution of the form a. Thus, if we identify the subfamily of Hamil-
tonian forms for which do + {O‘er}Hn is independent of the particular extension

Hn, we are identifying the family of forms that have defined evolution, for every
solution of Hamilton-De Donder—Weyl equations.

Theorem 4.2.1. Let (1 : M — X,5%4,) be a fibered graded Dirac manifold. Let
H € Q% (M)[n] be a Hamiltonian and let v € Q*~Y(M) be a form such that there
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exists a semi-basic form B € Q*(M) with
h*(dv) =5

for every linear solution of Hamilton-De Donder-Weyl equations h. Then, v €
Q4 (M) and it satisfies:

yAe € QE (M)

for every basic closed form e € Q"~*(M).

Proof. Let us begin with the case a = n.

Lemma 4.2.1. Lety € Q"~Y(M) be an (n—1)-form and 3 € Q" (M )be a semi-basic
n-form such that h*(dvy) = B for every solution of the Hamilton—de Donder—Weyl
equations determined by a Hamiltonian H € Q% (M)[n]. Then v € Q) *(M). O

Proof. The space of linear solutions is defined as those connections (given by a
horizontal lift) A such that h*(da) = da + {a, H} for every a € Q' (M). Let us
define, for each a € S™,

®,, : {horizontal lifts} — /\ X, h—=h(a)— (a— 5, (ar)®)-

Hence, if h is a horizontal lift such that ®,(h) = 0 for every a € S™, we have that
h solves the equations defined by H. Also note that each ®, is an affine map. Now
let v € Q""1(M) and 8 € Q"(M) be such that h*(dvy) = 3 for every solution of the
Hamilton—-De Donder—Weyl equations. Define

© : {horizontal lifts} — /\T" X, hw—h'(da) - 8.

Then ¢ is identically zero on (,cg. 5" (0). Since ¢ is affine and N, cg. @,*(0) #
@, we have that ¢ € (@, : @ € S™), which means that there is an o € S™ such that
@ = ®,. This immediately implies dy = a € S™, proving that + is Hamiltonian. O

Now, for arbitrary a, let v € Q*"1(M) and 8 € Q%(M) semi-basic such that
h*(dv) = B for every solution of the Hamilton—-De Donder—-Weyl equations. Let
e € 0" (M) be closed and basic. Then,

By Ae) = BAe,

so that, by Lemma yAe € QY (M) for every closed and basic (n — a)-form
e. Hence, dy Ae € S™ for every basic (not necessarily closed) (n — a)-form €. The
proof will be finished once we show that da € S%, which will be a consequence of
the following lemma.

Lemma 4.2.2. LetV be a finite dimensional vector space, together with a surjective
linear mapping 7 : V. — X, with dim X = n. Let S™ C A" V* be a subspace
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consisting of (n— 1)-horizontal forms and such that 7*(\" X*) C S™. Ify € N\“V*
is such that y ANe € 8™ for every basic €, then v € <L/\1L7a v,

Proof. Let e,,e; denote a basis of V' adapted to 7, so that 7(e,) = e, and
7(e;) = 0. Suppose

mn *
St = <7_ w7ala"'aak>7
where w is the volume form on X satisfying w(ei,...,e,) =1, and o; = A;‘iw# Nel,
where w;, = t.,w. Without loss of generality, we can assume that v takes the
expression
— yeees - i
Y= 7“1 fint awﬂla“w#n.«#lfa Ne ’
J— 143 n
where Wy, pnira = by A Aepin 4o @- The condition that e A v € S™ for each

basic (n — a) € reads using the basis as /1 #nti-ay,  Ae' € S™ which is
equivalent to the existence of certain constants B7#1»#n-a guch that

K1y fhng1— U BIHLysBn—a . — BIHLoln—a APn+l-a i
e awﬂn+1fa Ne' = B " an =B o aAji Witpti—a Ne'.
Let w/ := BJ#1wbn-ae, A ---Ae, . Then, the previous conditions read as
7 = tyi;, which finishes the proof. O

In fact:

Theorem 4.2.2. If a € Q% ' (M) is a Hamiltonian form such that
ahe € QM)

for every closed basic € € Q"~*(M), then {O"H}Hn does not depend on the choice

ofEn, for any Hamiltonian H, z'fEn takes vertical values.
Proof. Observe that

{aneHly ={ane N}l ={aH}; Ae,

for any closed and basic e € Q"~1~¢(M). Since an (a + 1)-horizontal form is deter-
mined by its wedge product with all possible (n — 1 — a)-basic forms, we conclude
that

{on Mg,

is independent of the choice of En, as it only depends on Hl. O

The previous two results motivate the following definition.

Definition 4.2.1 (Special Hamiltonian form). A Hamiltonian form a €
Q%1 (M) is called special Hamiltonian if a A e € Q7Y (M) for every basic closed
(n — a)-form . We denote by Q4% ' (M) the space of special Hamiltonian forms.
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Remark 4.2.1. This gives a method of finding arbitrary (a— 1)-horizontal a-forms
that have a defined evolution. In particular, it allows us to look for forms that are
closed on arbitrary solutions of the classical field equations, since we have clear
candidates. We will apply this method in the following section.

To end this section, we prove that the space of special Hamiltonian forms defines
a subalgebra.

Theorem 4.2.3. Let (7: M — X, 5% ,) be a fibered graded Dirac manifold. Then,
special Hamiltonian forms define a graded subalgebra.

Proof. The proof will follow from the following observation.

Lemma 4.2.3. For each special Hamiltonian form « € ﬁ’;_l_l(M) there is a multi-
vector field U, € X"T1=4(M) such that f,.p(da A g) = Ca, &)Uy + Koi1—(atb)s
for each closed and basic b-form e and for certain nonzero constant C(a,¢).
The constant is chosen so that, for b = 0 (hence a function), we have that
ﬁa(da) =U, + Kn+1—a-

Proof. From the computations in Lemma it is an straightforward computa-
tion to show the following. Let a € ﬁaHfl(M) be a special Hamiltonian form (hence
Hamiltonian), and let o, . . ., o denote local generators of S™. Let BY, j =1,...,k
be the multivector fields built in said lemma, such that

da = LB; Oy

Then, for every semi-basic b-form € we have that there exists a nonzero number
C(a,b) such that da Ae = C(a,b)t,_pic;.
Now, define, for this same «, the following map:

n—a

NTX =S 5TM, e ta(dane).

Taking the adjoint (see Remark 7 we obtain an element U, € Voo XQTM
that, by definition satisfies

Lgﬁa =t,(da Ae),

where the contraction is understood in the first component. Since § takes vertical
values in T'M, if we define U, to be the element obtained by exterior multiplication

\/ X®TM — \/ M /{2-vertical multivectors},

n—a n+l—a

we still have (.U, = t,(da A g) for every basic (n — a)-form . Note here that
contraction makes sense, as it is defined as well modulo 2-vertical multivector fields.
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From the computation above we get
tn(da ne) = Cla,n — a)tn(ay) A (1B),
so that
U = (=1)""*C(a,n — a)tn(a;) A B,

It is clear, using the relation above and Remark (also that £, («;) is vertical),
that this multivector satisfies the desired equality. In order to obtain the correct
constant, we multiply by C(a,n — a)~!, finishing the proof. O

Now, let o € ﬁ%{(M) and 3 € ﬁt}{(M) be special Hamiltonian forms. Let us
show that {a, B} Ae takes values in Q7 (M) for every closed and basic ¢ of suitable
degree. Using the multivector field from Lemma [£.2.3] notice that for a closed and
basic 1-form € we have the following:

{a NE, ﬁ} = (_l)degH BLﬁbH(dﬁ) (da A 5)

= (—1)degH B(bﬁb+1(d5)da) Ae+ (—1)degH ﬂ+deg°‘LL€ﬁb+l(dg)da

= {047 B} Ne+ (_1)dega0<5’ E)Lﬁb+2(d5/\€)da
= {a, B} Ne — (—1)de8u Bdeeac(g Vo, B Ae).

Note that, since both a A e and 8 A & are Hamiltonian, and C(3,¢) is nonzero, so
is {o, B} A €. Tterating this argument and using that both a A ey A--- Ag; and
aAer A--- Agj are Hamiltonian, we conclude that {c, 5} A € is Hamiltonian, for
arbitrary closed and basic ¢, which shows that special Hamiltonian forms define a
subalgebra.

Remark 4.2.2. To give a complete picture, in the examples we will provide an
explicit computation of the associated multivector field.

5. Applications to Classical Field Theories

Here we discuss several applications of the theory developed in the previous sections:
the study of conserved quantities for regular and almost regular Lagrangians.

5.1. Hamiltonian formalism for regular field theories

Let us go through the construction of bracket extensions in the case of the reduced
covariant formalism of classical field theories explained in Example Recall
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that the graded Dirac structure is given by the map

9
apt'’

ﬂn(dnx) =0, ﬁn(dyz A dn_lm#) = ﬁn(dpf A dn_l‘ru) =

Ayt
The #; (modulo K,,) map is given by
(_1>n ) 6n—1

Yy — N=2x 7 T A_—
ﬁl(dm ) K’na ﬁl(dy ) n 3;07 A 8”*1x# +Kna
o anfl
dpy=(-1)"1'— A —+K,
Bldpt) = ()" G A S

and El is obtained applying the anti-derivation rule, as mentioned in Remark
Let us determine the space S™*1[n], which will be the space on which the exterior
derivative of Hamiltonians may take values.

Theorem 5.1.1. S™"1[n] is generated by the following set of forms:

dy' Ad™z, dpi Ad"x,  dplf Ady? Ad"T g,

Proof. Recall that S"*![n] is defined as the space of forms © € A"*" M for
which there exists #,,(0) € T M ® TM with %@ = G, @) = 1, ()© for every
a € S™. Note that « is (n — 1)-horizontal, so that i, (@)@ 18 (n — 2)-horizontal.
Therefore, 1 0 is (n — 2)-horizontal and, since f,(«) is vertical, © must be
(n — 2)-horizontal. In Table [1} the reader may find represented all possible values
of 14, (0)© for all possible candidates © € A M.

An elementary computation shows that any linear combination of the forms on
the left, ©, for which there is a (1, 1)-tensor, En(G)) satisfying G @ = L4,(0)©,
must have null coefficients on the last two elements (dy’ A dy* Ad" 'z, and dp§ A
dp’g A d"~'z.). Furthermore, the first two elements are clearly in S™"*![n], as we
may choose

~ . 1 0 9
j n o m (e} n o a v
£o(dy?’ Ad™x) := —ndx ® o fn(dpf Ad"z) :=dz® @ oy

2

Table 1. Values of ¢4, (4)©, for (n + 1)-forms © (on the left) and forms o € S™ (on top).

dyt Ad™ 1z, dpl Ad" 1z, dnzx
dy? A d™x 0 sldna 0
dp;?‘ Ad"z 5ﬁ5]i~d"x 0 0
dy? A dp§ AdnTlzg 6l‘f5,i€dyj Adnlzg 6qup‘,§ Adnlzg 0
dyd Ady* Ad7 Lz, 0 §ldyF Adn g 0
—6fdyj Ad" Lz,
dp Adpj, Ad" L, §8tdpy Ad™Lay 0 0
—555£dp§ Adn 1z,
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Hence, it only remains to study which possible linear combinations © = Afg dy/ A
dp¢ Ad" 'z belong to S™*[n]. We look for a (1,1)-tensor field

- ) 8 0
1,.(0) = dz" ® <Cua ” +th3 j +Eﬂj8p;/>

, 0 -0 0
dy* cy +DI — + EY
“’@( Coar T oy “ap5>

0 0 0
14 1V 1y~
+dpi ® <Cu or u+Duja J +Ewap )

satisfying i gy = 14, (a)© for every a € S™. We have:

(i) For a = d"z, we have ty, (4)© = 0, which implies Cl} = C} = C’fj’ =0.
(ii) For o = dy’ A d" ', we have 1y, (O = —Aéﬁdyj A d" "'z, which implies
that C* = 0 and

— A dy! Nd" o = Djd"z + Didy! Ad" " w, + DYdpy AdM

from which we obtain DZ =0, DJ* = 0 and —Aéﬁ = 55D§- and hence © =
—Dfdyj Adpg A Az,

It only remains to show that we can define En(@) for © = dpt' Ady? Ad" 1z,
Indeed, notice that we may choose

0

~ 0
n d g .k d )
1n(0) :==dy’ ® + dpj, 8pg

dyk
finishing the proof. O
Now let us look at the possible expression of a Hamiltonian (Definition [4.1.1)).

Theorem 5.1.2. Let H € Q}(M)[n] be a Hamiltonian. Then, up to a closed term
it has the following local expression:

; -1
H=Hd"z —pl'dy' ANd" "z,
for certain function H(z",y',pl').

Proof. Recall that f; (dH) +1,, has to be a semi-basic form. A quick computation
shows that this implies

dH = Aydy' Ad"x + Bldpl' Ad"x — dpi' Ady' Ad™ My,

for certain functions A; and Bi Closedness of the previous form implies that there
is a function H such that A; = 8 H and B’ = 8 #, which finishes the proof. O

Finally, let us study the algebra of special Hamiltonian forms.
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Theorem 5.1.3. With the canonical graded Poisson structure on M =
Ao Y/ NI, Y special Hamiltonian forms close an subalgebra and:

(i) Fora=1,...,n—1, ifa € ﬁ?{_l(M), then
da € (d"zz,dy' Ad* ap: il =n —a, [P =n—a—1).
(ii) For a = n, we have ﬁz_l(M) = QYN (M).
Proof. The second claim is clear. It only remains to show that ifa=1,...,n—1

and o € Q%4 L(M), then dov is necessarily in (A%, dy’ Ad* 'z : || = n—a,|7| =
n —a — 1). Suppose that

da = APd®z; + Aiﬁdyi Ad* oy 4+ AP A g,
Imposing the condition of being special Hamiltonian with ¢ = d"~%z”, we get that
e Nda = A7d"z + (1) Alo Ay Ad"a,
+ (—1)"_1Ai“55deﬁf Ad Tz, € 8™

The first two terms clearly satisfy this condition. The last one can be
expanded as

(1) APSEAPE Ad™ (1) Y AR dpl Ad™ e,
wFV

and since a < n, we can choose v so that 5Z = 0 so we obtain A" = 0, proving the
result. By Theorem they determine a subalgebra. O

Remark 5.1.1. In order to give a more complete picture, we would like to
explicitly find the associated multivectors from Lemma [£.2.3] To the form dy® A

d*tz,, . we assign the multivector

sHn+1—a?
1 n+l—a - a an—a
= 1)~ VAN =
n+1—a Zl ( ) apt,bJ On—aghi,- By nt1—a
j=

which satisfies the required property. Indeed, contracting (without loss of generality)
by € = dz#t on U gives

1 n+l—a 9 on—e
— —_1)J
LEU n+ 1—a ; ( 1) ap":.t] A an_axMZ7“'7@7“'7”7;4»17(1 ’

which is a Hamiltonian multivector field for £ A dy® A d“_lxm7,__7un+lﬁ up to a
constant.
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5.2. Bracket formalism for almost regular Lagrangians:
Yang—Mills theories

Let m: Y — X denote a fibered manifold over an n-dimensional base with coor-
dinates (z#,4"), and let £ : J'Y — A" X be a first-order Lagrangian density (for
higher order theories we refer to [16]), locally given by £ = L(xz#,y", 2],)d"x. The
multisymplectic formalism is obtained by pullbacking the natural multisymplectic
form on A, Y by the Legendre transformation, Leg, : J'm — A5 Y, which is
locally given by

* a[/ 7 * a
Legﬁp = L — TZIZZ'[“ Legﬁpi = aisz

The reduced Legendre transformation is obtained by composing with the projection

ANY = N Y/AY,

Leg,

Jir Ny Y

e N Y/ NY

When the reduced Legendre transformation defines a local diffeomorphism, we say
that £ is a regular Lagrangian. In this case, locally, we are dealing with the case
treated in the previous subsection. However, a great deal of field theories (defined
by the corresponding Lagrangian density) are not regular. Nevertheless, when the
image leg, (J'7) is a submanifold for which leg,: J'm — Imleg, defines a sub-
mersion, then we may apply the constructions of this paper:

(i) Use the construction of Theorem to induce a graded Dirac structure on
Imleg, from the graded Dirac structure on Ay Y’/ A7 Y. This first step defines
a bracket theory on the constraint submanifold.

(ii) Let h: Imleg, — ImLeg, be the difftomorphism given by the inverse of the
natural projection Im Leg, — Imleg,.

(iii) Set H := h*© as the Hamiltonian, and study the dynamics employing the
techniques developed above: existence of of special Hamiltonian forms and
conserved quantities of arbitrary degree.

In order to illustrate this, let us study the particular case of Yang—Mills theories,
where the Lagrangian is almost regular.

Let X be an n-dimensional pseudo-Riemannian manifold, and let P — X be a
principal bundle with structure group G acting freely and transitively on the fibers
on the right. Suppose there is an Ad-equivariant non-degenerate bilinear form (-, -)
on g. Recall that a principal connection on P is an Ehresmann connection that
is G' invariant, namely a smooth choice of horizontal subspace p — H,, satisfy-
ing (Ry)+«H, = Hp.4. Such connections can be identified with connection 1-forms
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6 € QY(P, g), namely connections satisfying

(i) For every & € g, 0(5) = &, where E denotes the fundamental vector field associ-
ated to the right action of G on P.
(ii) For every g € G, (Ry)*0 = Ad -1 -0.

The curvature of 6 is given by the g-valued 2-form wy = Dy6, where
(Dp0)(X,Y) = (d0) (X", Y"), X" and Y denoting the horizontal components of X
and Y, respectively, defined by the connection. Since wy is a semi-basic 2-form on P,
and it satisfies (Ry)*wy = Ad,-1 ‘wp, it induces a 2-form @y € Q*(M, Ad P), where
Adp = P X g is the associated bundle to the adjoint representation of G. Since
the chosen metric on g is Ad-equivariant, it induces a non-degenerate bilinear form
on each fiber of Adp, which we denote by (-,-) as well. This metric, together with
the pseudo-Riemannian structure on M, allows us to introduce a scalar quantity

1
—Z<w9,w9>.

Then one tries to solve the variational problem on the space of principal connection
given by the following action:

1
~1 /><<w9’w9>u’

where g denotes the canonical volume form on X induced by the pseudo-
Riemannian metric.

In our setting, principal connections are given by the sections of the bundle of
principal connections: Y = JY(P — M) / G — X and the Lagrangian is given by

E:JlY%/\X (]10)H71<w9,w9>,u.

If we have a local trivialization over an open subset U C X given by certain
section s : U — P, we have a natural identification

Yip=J" P = X)/Glu 2T*U®g

given by 6 — s*6. Then, if e; denotes a basis on g and (z*) denotes coordinates on
U, we have induced coordinates on Y|y given by (z#, AL) representing the 1-form

0= Ade“ R eq-

With this identification, J!'Y carries natural coordinates (1’“7442714;,1/)' Then, the
curvature reads

Lot A da @ — [ O 04, LALAR ) dat Adat @ e
wp = F,,dz ¥ ®e; = 8m”_8x”+fjk LAy | dz ¥ ® ey,
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where f}; are the structure constants of the Lie algebra g, namely [e;, ex] = f,e:.
Then, the Lagrangian is locally given by

L= ——F’“’Ft Agld™z.

An elementary computation shows that the Legendre transformation is given by

* v oL v/
Legﬁp? = DA :Fiﬂ |g‘7
jTRY

0L 1 |
Legcp—aTA - L= (—4FZH Fﬁu+§f;kFiH A{,A’;>v|g|

so that it defines the constraint submanifold N = {p{” + p/* = 0} on A5 Y. We
refer to [45,46] for more information regarding the multisymplectic treatment of
gauge theories.

Let us compute the induced graded Dirac structure on the image of the Legen-

dre transformation, as well as the induced Hamiltonian and the algebra of special
Hamiltonian forms.

5.2.1. The induced graded Dirac structure on N = Im Leg,

As we know from Example the graded Dirac structure on A5 Y is given by
S™ = (d"x,dAl, Ad" " a,, dpi” Ad" e, with
9
8pgl/ i
Recall that the pullback of a graded Dirac structure is given by the following steps:

0
0A;,

fn(d"z) =0, f#,(dA}, Ad"a,) = — o (dpt” Ad" ) =

(i) Identify those forms a € S™ with #,(c) tangent to NV, N
(ii) Define S™ to be generated by the pullback of said forms and let §,,(a) := 4, ().

In our case the family of forms a € 8™ such that f,, («) is tangent to the submanifold
defined by the equations pi"” + p;* = 0 is generated by the following forms:

d"z, dAL ANd" Tz, —dAL Ad" T e, dplt AT e,

Let us introduce coordinates (z#, A, p;"") on N, with pj" = pi*, if u < v and
P = —pl if > v, so that
d 3} d

aﬁf/;u = apé“j - apuuv

for ¢ < v. Then, the graded Dirac structure on N is locally given by Sn =
(d"z,dA}, Ad" e, — dAL A AP ey, dpyYd ey, — dpyt A AP ey,), where sum
in the last term is abbumed to happen for pairs of indices such that p < v (and
v < ). Let us make an abuse notation by writing

d~é,w /\dn—lxu _ dﬁzﬂ A dn_lxu = df)?y A dn_lxu
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and assuming that p;* = —p"”. Then, the £, maps are given by
~ ~ ) . 0
50(d"2) = 0, Fn(dAL Ad™ g, —dAL Ad" " ay) = — =S,
op;;
~ 0
W(dP AT ) =

5.2.2. Special Hamiltonian forms and the Hamiltonian

From the computations of the previous subsection, we conclude that the Hamilto-
nian is

1 0 1 . s v g Ad _
H= (_4p;% B + 5 5Pt AJVA’;> A"z —plvdAl, Ad¥
and thus the equations of motion in coordinates read as
(i) Taking o = A, d" 'z, — Al d"" 'z, we obtain

04, 04;
oxv  Ox#

) d"z = ¢*(da) = da + {a, H} = (—'p‘fw + f;kAJ Alj) d"z.

12

(ii) Taking o = pt"”d" 'z, we obtain
aﬁi—“’ n J ~UV AJ an
Wd xr = dOL —+ {0177'L} = 7f1kp] Ak‘d xZ,

which are the well-known Yang—Mills equations.
Let us now focus on obtaining (what we will show to be) the subalgebra of special
Hamiltonian forms, by determining what values can their exterior derivatives take.

Theorem 5.2.1. Special Hamiltonian forms close a subalgebra and their exterior
differentials are generated by:

(i) For1<a<n-—2:
@ . .
Z(_l)]_ldA;L/j A da_lx’/l,-.w’?jm-wl’a’ db+1x,“f1"‘;“fn*b'

j=1
(ii) Fora=n—1:
dAL, Ad gy + dAL AAY  rap 4+ dAG A DY g,
d™ 'z, dp Ad"lzy,.

(iii) For a =n: by the whole S™.

Proof. The last item is clear. Suppose a € SNZ?{*I(M), for 1 <a<n-—1 and write

m % a—1 o v a—1
da = C*dA), ANd*" ap + D)L dp” Ad" " ap.
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Let e = d"~%z”. Then, since « is special Hamiltonian we must have

e Ada =(=1)""CHEYd Al A A" g + (—1)" DB SE AP Ad" g € ST
If e Ada € S™, we necessarily have that ty(e A da) = 0 for every U € (S™)*™.
Hence, taking

(9 3n—1 6 an—l

V=0a;" o1z, T oa "o,

and imposing (y(e A da) = 0 we get that C’f‘ﬁ(sgﬁ + C’fﬁc?go‘ = 0. Tak-
ing @« = pg, v = p1,..- e, and B = pgr1, the previous equation reads as
Cfortett = (—1)atioftettlioote “which means (using that the multi-index
is skew-symmetric) that C*# is skew-symmetric in all its indices and thus we may
write

C’“”dAz Ad* —C’”(S““dAZ Ad*
_ sz/l,‘..,ua Z(_l)jfldAij A daill'yl,...,l/}y---”’ar'
j=1 '
Now, contracting with
a an

Ay
3“‘;‘5 ol

where v # « and v # [ we get the condition Déﬁﬁég = 0. This means that D“‘ =

whenever i contains an index different from o and 3. This last observation clearly
implies that all coefficients are zero when || > 3 or, equivalently, when a < n — 1.
This implies the first item. Now, for the second, we only need to worry about the
case n = n — 1, and a quick computation shows that the only possibility is to have

é"ﬁl’ = d,3C, for certain constant C, so that C’”‘ 5 dp; 5P A d" 2z, is necessarily a

multiple of dp®® A A" 2z, finishing the proof. O

Remark 5.2.1. Again, for completion, we would like to add the associated multi-
vectors from Lemma It is enough to choose:

(i) For the form »°7_, (=1)7*1dA}, Ad* 'z, 5. . ., Wweneed to take
1 . 0 one
U= ——F 1) — - A —— ,
n -+ 2 —a Z( ) 8p‘1 J 87170,:51/1,...,Vi,...,uj,...,un+2_,,,

i<j @
as an easy computation shows.
(ii) For the form dﬁ?ﬁ Ad" 22,5, we need to take
0 A 0
DAL, Oz’

which, after another quick computation is seen to satisfy the conditions corre-

U =

sponding requirements.
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Finally, to end our discussion, we compute the graded Poisson brackets of some
local generators of the algebra of special Hamiltonian forms. The nonzero brackets
are given by

n+2—a

Z 1\i+1 g qa—1 R af n—2
( 1) Au]d Lvy sy estngo—ar Pj d Lap
j=1
n+2—a
_ E _1)it+1lgae—2 _
- ( 1) d Lvy,eiy B3 Vny2—a,Vj
=1

(- m+2-— a)éj-daqmuh__’unﬂfa,

n+2—a
E : _1\J+1l gt ga—1 . SHY an—1
( 1) ijd mul,...,u_j,...,vﬂ,+2_aapi d xl/

j=1

n+2—a

_ E _1\jH+1lgrv jqa—1 N

- ( 1) 51/_7-d xul,...,yj,..A,ynJrg,ao
=1

6. Conclusions and Further Work

In this paper, we have analyzed the extensions of graded Poisson brackets in classical
field theories in order to give a description of the evolution of forms. This study leads
to the definition of special Hamiltonian forms, a particular subfamily of Hamiltonian
forms that is proved to be a subalgebra. This subalgebra is the subalgebra of forms
with defined evolution. To showcase the theory, we compute it (computing the
possible exterior derivatives) and the brackets of some generators of this algebra in
the case of regular Lagrangians and in the case of Yang—Mills theories, although
the theory works with any almost regular Lagrangian.

There are several aspects that remain unsolved, and that we propose as inter-
esting future questions which we were not able to answer at this moment:

(i) As we showed, the bracket of special Hamiltonian forms and Hamiltonians is
independent of the extension chosen, so they seem a natural algebra to restrict
the Poisson brackets to. We propose to investigate the properties of this algebra
in general because, as we showed, this algebra can be associated to any almost
regular classical field theory.

(ii) Determining the evolution of arbitrary Hamiltonian forms suggests to study
the relationship between these brackets and the constraint algorithm (see [19]
for the general geometric theory and [30] for several examples). We believe
that the theory behind the constraint algorithm would benefit from an analysis
employing the extension of the brackets presented in our study.

(iii) We would also find it interesting to investigate the relationship of these con-
structions with the Poisson brackets of the canonical formalism (see [38}[39]).
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(iv) As we mentioned in Sec. [2] the tools developed may be of interest to the
theory of reduction and momentum maps, which is still in full development in
the case of classical fields (see |41)5] for recent advances in the case of reduction
and [10L[24] for advances in momentum maps).
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