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Abstract
One approach to studying the dynamics of a singular Lagrangian system is to attempt
to regularize it, that is, to find an equivalent and regular system. In the case of time-
independent singular Lagrangians, an approach due to A. Ibort and J. Marín-Solano is
to use the coisotropic embedding theorem proved by M.J. Gotay which states that any
pre-symplectic manifold can be coisotropically embedded in a symplectic manifold.
In this paper, we revisit these results and provide an alternative approach–also based
on the coisotropic embedding theorem–that employs the Tulczyjew isomorphism and
almost product structures, and allows for a slight generalization of the construction.
In this revision, we also prove uniqueness of the Lagrangian regularization to first
order. Furthermore, we extend ourmethodology to the case of time-dependent singular
Lagrangians.
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1 Introduction

One of the greatest successes of symplectic geometry has been to serve as a setting for
Hamiltonian mechanics as well as its Lagrangian description. Indeed, a Hamiltonian
function is just a function H defined on the cotangent bundleT∗ Q of the configuration
manifold Q, such that the Hamiltonian dynamics is provided by the corresponding
Hamiltonian vector field X H obtained using the canonical symplectic form ωQ on
T∗ Q [1, 19], say

iX H ωQ = dH .

In the Lagrangian picture, given a Lagrangian function L on the tangent bundle T Q,
one obtains a differential 2-form ωL such that the equation

iξL ωL = dEL

provides the Euler-Lagrange vector field ξL [19].
We need to make two clarifications about this last equation: (1) ωL is symplectic

if and only if the Lagrangian L is regular (the Hessian matrix of L with respect to
velocities is regular), and (2) ξL is a second-order differential equation (SODE, for
short) such that its solutions (the projections onto Q of its integral curves) are the
solutions of the Euler-Lagrange equations. Lagrangians giving rise to degenerate 2-
forms ωL are usually referred to as singular. The Legendre transformation Leg :
T Q −→ T∗ Q connects both descriptions in a natural way (see [19, 23] for more
details).

One of the most interesting contributions in P.A.M. Dirac’s and P.G. Bergmann’s
works was the introduction of the constraint algorithm for dealing with singular
Lagrangians, now known as the Dirac-Bergmann algorithm (see [3, 20–22]). That
algorithm has been developed in geometric terms using the notion of pre-symplectic
manifolds by M.J. Gotay and collaborators [25–27], incorporating in the Lagrangian



Regularization of singular time-dependent Lagrangian systems Page 3 of 62   125 

picture the problem of the second-order differential equation, a remarkable distinction
between the Lagrangian and the Hamiltonian descriptions.

The above algorithm has also been constructed for the case of singular Lagrangians
depending explicitly on time [6]. In that case, the geometric scenarios are usually
taken to be T Q × R and T∗ Q × R, and now, the singular case uses the notion of
pre-cosymplectic structure. More generally, we may regard time-dependent (or non-
autonomous) Lagrangians as functions defined in J 1π , where π : Q −→ R is a (not
necessarily trivialized) fiber bundle (see [12, 13, 35]).

In both time-independent and time-dependent cases, a Poisson bracket that provides
the dynamics (the so-called Dirac bracket) and the dynamics themselves, modulo the
kernel of the forms, can be found on the so-called final constraint submanifold selected
by the algorithm.

On the other hand, coisotropic submanifolds play an important role in classical
mechanics and field theories because they allow for the development of a procedure
for reducing dynamics. Indeed, a foundational result due to A. Weinstein [53] (see also
[1]) establishes that the quotient space of a coisotropic submanifold by its characteristic
foliation naturally inherits a symplectic structure, providing a rigorous geometric set-
ting for Hamiltonian reduction. The reduction is then accomplished when we consider
dynamics interpreted as a Lagrangian submanifold.

By taking the opposite road (unfolding vs reduction), coisotropic submanifolds are
also relevant in the context of regularization problems. In fact, the Dirac-Bergmann
algorithm is not the only waywe could use to regularize a singular Lagrangian. Indeed,
M.J. Gotay [24] proved a coisotropic embedding theorem (see also [38] for earlier con-
tributions by C.M. Marle), stating that any pre-symplectic manifold can be embedded
into a symplectic manifold as a coisotropic submanifold, and that this embedding is
unique in a neighborhood of the original manifold. This result has been generalized to
many other relevant geometric scenarios by the authors [32, 48], by taking advantage
of the point of view developed in [49]. Using the coisotropic embedding theorem, as
well as a natural classification of Lagrangians [4], A. Ibort and J. Marín-Solano [30]
were able to develop a regularization method for certain types of Lagrangian systems
(called type II Lagrangians). This classification for Lagrangian functions has been
extended by M. de León et al. (see [16]) and later reconsidered again by A. Ibort and
J. Marín-Solano [31].

The main objective of this paper is to advance this programme of regularization
of singular Lagrangian systems, which will culminate in the case of classical field
theories in a future work. Thus, we begin by carefully re-examining the results of A.
Ibort and J. Marín-Solano in the pre-symplectic case, using a newmethodology based
on the use of almost product structures and Tulczyjew triples [50, 51]. Most notably,
we employ a (to our knowledge) novel generalization of the Tulczyjew triples adapted
to a foliated manifold. The construction is presented in Sect. 2.2. For completeness,
let us recall that the use of almost product structures to deal with singular Lagrangian
systems was introduced in [18] (see also [19]). This approach has allowed us to clarify
some of these results and introduce an alternative for explicitly constructing a regular
Lagrangian equivalent to the original singular one by using an auxiliary connection.
In particular, we would like to highlight the following results in the pre-symplectic
case:
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• In Theorem 3.23, we give a global description of the Lagrangian in the regularized
manifold, proving that the regularization provides a global Lagrangian, and not
only locally so. This description is more general than the one previously found in
the literature. Indeed, it depends on strictly less geometric ingredients (a connection
instead of a metric).

• Finally, this regularization is proved to be unique and independent of all choices
to first order in Theorem 3.27, a result which was not present in the literature.

Next, we studied the case of singular Lagrangians explicitly dependent on time,
obtaining similar results using pre-cosymplectic geometry (namely Theorem 4.20
and Theorem 4.21, respectively). Most importantly, the Reeb vector field needs to be
taken into consideration, which is a significant difference from the autonomous case.
In addition, our methodology does not explicitly rely on mentioned classification of
Lagrangians (even if it requires some conditions, equivalent to those used in [30], to
be fulfilled by the Lagrangian), and so opens a clear path to extend it to the case of
singular Lagrangian field theories.

The paper is structured as follows. Following the introduction, we devote Sect. 2 to
recall some well-known notions and results on distributions and foliations, as well as
to prove an extension of Tulczyjew’s triple to the case of foliations defined on a smooth
manifold; tangent structures and stable tangent structures are also reviewed. Section3
is devoted to reconsidering the regularization of singular autonomous Lagrangians
and developing a new technique that differs from that developed in [30], as mentioned
above. In Sect. 4, we extend this regularization scheme to the context of singular
time-dependent Lagrangians. The construction presented in Sect. 4 is illustrated by
studying the trivialized case and degenerate metrics. Finally, we include a section on
conclusions and an outlook for future work to be carried out.

2 Preliminaries

2.1 Distributions and foliations

In this section, we recall the basic definitions and geometric properties of distributions
and foliations on smooth manifolds.

Definition 2.1 (Regular Distribution) Let Q be a smooth manifold of dimension n. A
distribution D on Q of rank r is a smooth assignment of an r -dimensional subspace
Dq ⊂ Tq Q to each point q ∈ Q. The distribution is said to be regular if the rank r
is constant over Q.

Definition 2.2 (Involutivity and Integrability) A distribution D is said to be involutive
if it is closed under the Lie bracket, i.e.,

[ X , Y ] ∈ D , ∀X , Y ∈ �(D) , (1)

where �(D) denotes the space of smooth sections of D. A distribution is said to be
integrable if, for every point q ∈ Q, there exists an integral submanifold of D passing
through q (i.e., a submanifold whose tangent space at each point coincides with D).
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Remark 2.3 Sometimes, one distinguishes between maximal integral submanifolds
and integral submanifolds, when maximal dimension means the rank of the involutive
distribution.

The fundamental link between these concepts is provided by the Frobenius Theorem
[52].

Theorem 2.4 (Frobenius Theorem) A regular distribution D on a smooth manifold Q
is integrable if and only if it is involutive.

Definition 2.5 (Regular Foliation) A regular foliation F of dimension r (and codi-
mension k = n − r ) on a manifold Q is a partition of Q into a family of disjoint,
connected, immersed submanifolds {Lα}α∈A called leaves, such that:

1. For every q ∈ Q, there exists a unique leaf Lq containing q.
2. Around every point q ∈ Q, there exists a local coordinate chart (U , φ) with

coordinates (x1, . . . , xk, f 1, . . . , f r ) such that the connected components of the
intersection of any leaf with U are described by the equations

xa = ca , a = 1, . . . , k , (2)

where the constants ca determine the local leaf.

Such a chart is called a foliated chart or adapted chart.

Remark 2.6 (Relation to Distributions) Every regular foliation F defines a unique
involutive regular distribution D, where Dq = Tq Lq . Conversely, by the Frobenius
Theorem, every regular involutive distribution D generates a regular foliation FD

whose leaves are the maximal integral manifolds of D.

In an adapted coordinate system (xa, f A), the distribution D is locally spanned by
the vector fields

D = span

{
∂

∂ f A

}
A=1,...,r

. (3)

The coordinates xa serve as local coordinates on the space of leaves when it exists as
a quotient manifold, while f A serve as coordinates along the leaf.

Definition 2.7 (Tangent Bundle of a Foliation) Let F be a regular foliation on Q. The
tangent bundle of the foliation, denoted by T F, is the disjoint union of the tangent
bundles of its leaves:

T F :=
⋃
L∈F

T L . (4)

This set carries the structure of a smooth vector bundle of rank r over Q, and it is
isomorphic to the distribution D ⊂ T Q associated with F.
Given an adapted chart (xa, f A) on Q, we induce local coordinates on T F denoted
by: {

xa, f A, v f
A

}
a=1,...,k; A=1,...,r . (5)
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Here, a point inT F is locally represented as vector v = v f
A ∂

∂ f A attached to the point

(xa, f A). Note that the "transverse velocities" are identically zero, vx
a = 0.

Definition 2.8 (Cotangent Bundle of a Foliation) The cotangent bundle of the folia-
tion, denoted by T ∗F, is the disjoint union of the cotangent bundles of its leaves:

T ∗F :=
⋃
L∈F

T∗ L . (6)

It carries the structure of a smooth vector bundle of rank r over Q. It is canonically
isomorphic to the dual of the distribution D, say D∗.

In the adapted chart defined above, local coordinates on T ∗F are denoted by:

{
xa, f A, p f A

}
a=1,...,k; A=1,...,r . (7)

A point in T ∗F is locally represented by a covector α = p f Ad f A restricted to the
tangent space of the leaf.

Remark 2.9 It is important to note that the sets T F and T ∗F are smooth vector
bundles of rank r over the base manifold Q, being a subbundle and a quotient bundle
of the tangent and cotangent bundles of Q, respectively.

Indeed, by definition, the fiber of T F at q is the tangent space to the leaf passing
through q, i.e., (T F)q = Tq Lq . Since F is generated by the regular distribution D,
we have Tq Lq = Dq . Thus, T F coincides with the total space of the distribution D.
Since D is a regular distribution, it is by definition a vector subbundle of T Q.
On the other hand, the fiber of T ∗F at q is the dual space of the tangent space to the
leaf, i.e., (T ∗F)q = (Tq Lq)∗ = Dq

∗. Consider the annihilator of the distribution,
denoted by D◦ ⊂ T∗ Q, which is the subbundle of covectors that vanish on D. We
have a short exact sequence of vector bundles over Q:

0 −→ D◦ −→ T∗ Q
π−−→ T ∗F −→ 0 , (8)

where the map π is the restriction of a covector inT∗q Q to the subspace Dq . Since this
restriction is surjective with kernel D◦, by the first isomorphism theorem for vector
spaces applied fiber-wise, we have the canonical isomorphism:

T ∗F ∼= T∗ Q / D◦ . (9)

Thus, T ∗F carries the structure of a (quotient) vector subbundle of T∗ Q.

Remark 2.10 As vector bundles over Q, T F and T ∗F are dual to each other. The
duality pairing

〈 · , · 〉 : T ∗F×Q T F→ R (10)

is defined naturally by the evaluation map. Let v ∈ (T F)q and α ∈ (T ∗F)q . Since
α is a linear functional on (T F)q , the pairing is simply 〈α, v〉F = α(v).
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In adapted local coordinates (xa, f A), a vector v ∈ T F reads

v = v f
A ∂

∂ f A
. (11)

A covector in the ambient space T∗ Q reads α̃ = padxa + p f Ad f A. Since the 1-
forms dxa annihilate the distribution D = span{ ∂

∂ f A }, they form a local basis for

the annihilator D◦. Therefore, the equivalence class in the quotient T∗ Q/D◦ (which
represents the element α ∈ T ∗F) is determined solely by the components p f A. The
pairing is thus given explicitly by:

〈α, v 〉 =
(

padxa + p f Ad f A
) (

v f
B ∂

∂ f B

)
= p f Av f

A . (12)

Definition 2.11 (Almost-Product Structure) [19] An almost-product structure on a
smooth manifold Q is a smooth point-wise splitting of its tangent bundle into a direct
sum of two complementary distributions. That is, for each q ∈ Q, the tangent space
decomposes as:

Tq Q = Dq ⊕ Hq , (13)

where D and H are smooth subbundles of T Q.
Equivalently, such a splitting is uniquely characterized by a smooth (1, 1)-tensor field
P ∈ �(T∗ Q ⊗ T Q) that is idempotent, namely P ◦ P = P . This tensor acts as a
projector onto D along H , meaning that Im(P) = D and ker(P) = H .

Given a pre-existing regular distribution D on Q, an almost-product structure P
is said to be adapted to D if its image coincides with the distribution, Im(P) = D.
In this scenario, choosing P is equivalent to smoothly assigning the complementary
horizontal distribution H = ker(P). If the distribution D is integrable, it generates a
regular foliation F. Let (xa, f A) be a system of local adapted coordinates, such that

D = span
{

∂
∂ f A

}
. Since P must act as the identity on its image, we have P

(
∂

∂ f A

)
=

∂
∂ f A . Thus, themost general local expression for an almost-product structure P adapted
to D is given by:

P =
(
d f A − P A

a (x, f )dxa
)
⊗ ∂

∂ f A
, (14)

where the local functions P A
a (x, f ) uniquely determine the choice of the complemen-

tary distribution ker(P) = span
{

∂
∂xa + P A

a
∂

∂ f A

}
.

2.2 A Tulczyjew isomorphism for foliations

Since it will be relevant for the whole manuscript, we devote this section to adapting
the notion of one of the Tulczyjew isomorphisms to the context of regular foliations.
The isomorphism we are interested in is the one existing between the iterated bundles
TT∗Q andT∗TQ over a smooth differential manifold Q that we recall in the following
lines [19, 50, 51].
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Consider an n-dimensional smooth differential manifold Q with the system of local
coordinates {

q j
}

j=1,...,n . (15)

Its tangent bundle
πQ : TQ → Q , (16)

inherits the natural system of local coordinates

{
q j , q̇ j

}
j=1,...,n , (17)

where
πQ(q j , q̇ j ) = q j . (18)

Now, consider the double bundle TTQ with the system of local coordinates

{
q j , q̇ j , vq

j , vq̇
j
}

j=1,...,n . (19)

It can be given two structures of vector bundle over TQ, namely

TTQ

TQ TQ

Q

πTQ T πQ

πQ πQ

(20)

where
πTQ(q j , q̇ j , vq

j , vq̇
j ) = (q j , q̇ j ) , (21)

and
T πQ(q j , q̇ j , vq

j , vq̇
j ) = (q j , vq

j ) . (22)

There exists a natural isomorphism of fiber bundles of πTQ and T πQ defined cate-
gorically as the unique double vector bundle isomorphism δ : TTQ → TTQ that
interchanges the two vector bundle projections—meaning it satisfies πTQ ◦ δ = T πQ

and T πQ ◦ δ = πTQ , while acting as the identity map on the core of the double vector
bundle (which is canonically isomorphic to TQ). In local coordinates, it reads:

δ : TTQ → TTQ : (q j , q̇ j , vq
j , vq̇

j ) 
→ (q j , vq
j , q̇ j , vq̇

j ) . (23)

Consider the iterated bundle T∗TQ, with the system of local coordinates

{
q j , q̇ j , pq j , pq̇ j

}
j=1,...,n . (24)
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It is the dual vector bundle to πTQ with respect to the pairing

〈 ρ, ξ 〉 = pq jvq
j + pq̇ jvq̇

j , (25)

where ρ is an element of T∗TQ and ξ is an element of TTQ.
On the other hand, the iterated bundle TT∗Q, with the system of local coordinates

{
q j , p j , q̇ j , ṗ j

}
j=1,...,n , (26)

is canonically the dual vector bundle toT πQ . Theduality pairing is defined intrinsically
as the tangent lift of the canonical pairing between T∗Q and TQ. Specifically, if we
consider a curve γ (t) = (q j (t), q̇ j (t)) in TQ and a curve λ(t) = (q j (t), p j (t)) in
T∗Q projecting to the same base curve on Q, the pairing is the time derivative of the
contraction 〈λ(t), γ (t)〉. In local coordinates, this operation reads:

d

dt
(p j (t)q̇

j (t)) = ṗ j (t)q̇
j (t)+ p j (t)q̈

j (t) , (27)

yielding the pairing:
〈 η, ψ 〉′ = ṗ jvq

j + p jvq̇
j , (28)

where η is an element of TT∗Q and ψ is an element of TTQ.
The transposemap of δwith respect to the pairing 〈 ·, · 〉′ is the Tulczyjew isomorphism
between TT∗Q and T∗TQ. It reads locally

α = δT : TT∗Q → T∗TQ : (q j , p j , q̇ j , ṗ j ) 
→ (q j , q̇ j , pq j = ṗ j , pq̇ j = p j ) . (29)

Now, given a regular foliation FK˜ on Q generated by a regular integrable distribu-

tion K˜ on Q, let us consider the tangent distribution K = K˜C . That is, the distribution
generated by the vertical and the complete lifts of the vector fields generating K˜.1 It
is a regular distribution on T Q that provides a regular foliation FK on T Q.
Denote by {

xa, f A
}

a=1,...,l;A=1,...,r , (30)

a system of local coordinates on Q adapted to the foliation FK˜ , and by

{
xa, ẋa, f A, ḟ A

}
a=1,...,l;A=1,...,r , (31)

a system of local coordinates on T Q adapted to the foliation FK = FK˜C . The set of
coordinates {

xa }
a=1,...,l , (32)

1 We refer to [19, 54] or to Definition 2.12 for the definition of vertical and complete lifts of a vector field.
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and {
xa, ẋa }

a=1,...,l , (33)

represent systems of coordinates on the spaces of leaves of FK˜ and FK , which may
be treated as smooth manifolds locally.
Let us denote by

{
xa, ẋa, f A, ḟ A, v f

A, v ḟ
A

}
a=1,...,l,A=1,...,r , (34)

a system of local coordinates on T FK˜C = T FK , and by

{
xa, f A, ḟ A, ẋa, v f

A, v ḟ
A

}
a=1,...,l,A=1,...,r , (35)

a system of local coordinates onTT FK˜ . As for the bundles πTQ and T πQ , an isomor-
phism between the bundlesT FK˜C and TT FK˜ exists. Intrinsically, this isomorphism
is exactly the restriction of the canonical involution δ : TTQ → TTQ to the sub-
bundle T FTK˜ . Indeed, since T FK˜ is a smooth submanifold of TQ (being the total
space of the distribution K˜), its tangent bundle TT FK˜ embeds naturally into TTQ.
At the same time, T FK˜C is naturally a subbundle of TTQ. It is straightforward to
show that the canonical involution δ maps this subbundle exactly onto TT FK˜ . We
can therefore define:

δF := δ
∣∣
T FK˜C

: T FK˜C → TT FK˜ , (36)

which locally reads:

δF(xa, ẋa, f A, ḟ A, v f
A, v ḟ

A) 
→ (xa, f A, ḟ A = v f
A, ẋa, v f

A = ḟ A, v ḟ
A) .

(37)
Similarly to what happens for the iterated bundles considered by Tulczyjew, the bundle
T ∗FK˜C , where we chose the system of local coordinates

{
xa, ẋa, f A, ḟ A, μ f A, μ ḟ A

}
a=1,...,l,A=1,...,r , (38)

is the dual bundle to T FK˜C with respect to the pairing

〈 ρ, ξ 〉 = μ f Av f
A + μ ḟ A

v ḟ
A , (39)

where ρ is an element of T ∗FK˜C and ξ is an element of T FK˜C .

Similarly, as for the bundle TT∗Q, the bundle TT ∗FK˜ is the dual vector bundle to
TT FK˜ . The duality pairing is given by the tangent lift of the canonical pairing Eq.
(12) betweenT ∗FK˜ andT FK˜ . Explicitly, thismeans that for any curve γ (t) inT FK˜
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and any curve λ(t) in T ∗FK˜ projecting to the same base curve on Q, the pairing of
their tangent vectors is the time derivative of their contraction:

d

dt
〈λ(t), γ (t)〉 = d

dt

(
μA(t) f A(t)

)
= μ̇A f A + μA ḟ A , (40)

yielding the pairing
〈 η, ψ 〉′ = μ̇A f A + μA ḟ A , (41)

where η is an element of TT ∗FK˜ (with coordinates (xa, f A, μA, ẋa, ḟ A, μ̇A)) and
ψ is an element of TT FK˜ .
The transpose map of δF with respect to the pairing 〈 ·, · 〉′ is an isomorphism between
TT ∗FK˜ and T ∗FK˜C . It reads

α = δFT : TT ∗FK˜ → T ∗FK˜C

: (xa, f A, μA, ẋa, ḟ A, μ̇A) 
→ (xa, ẋa, f A, ḟ A, μ f A

= μ̇A, μ ḟ A
= μA) .

(42)

For completeness, we would like to remark that Tulczyjew triples have been gen-
eralized to wider contexts, besides tangent bundles and foliated manifolds. In fact, the
isomorphism presented here is a particular instance of the Tulczyjew isomorphism of
Lie algebroids when considering an integrable distribution as such (we refer the reader
to [18, 19, 39] for more information).

2.3 Tangent structures

In this section we introduce tangent structures, which correspond to the geometric
structures generalizing the local picture of T Q, for some configuration manifold Q
(see [19, 54] for further details). First, let us define some elementary operations on the
tangent bundle T Q of a configuration manifold Q and study its geometry.

Definition 2.12 (Lifts of vector fields) Let X ∈ X(Q) be a vector field on Q.

• The vertical lift of X , denoted by X V ∈ X(T Q), is the unique vector field onT Q
such that for any 1-form α on Q, X V (iα) = α(X) ◦ τ , where iα is the fiber-wise
linear function on T Q induced by α (locally viαi ). In local coordinates (qi , vi ),
if X = Xi (q) ∂

∂qi , then:

X V = Xi (q)
∂

∂vi
. (43)

• The complete lift (or tangent lift) of X , denoted by XC ∈ X(T Q), is the vector
field on T Q whose flow is the tangent lift of the flow of X . That is, if φt is the
flow of X , then �t = T φt is the flow of XC . In local coordinates, it reads:

XC = Xi (q)
∂

∂qi
+ vk ∂ Xi

∂qk

∂

∂vi
. (44)
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The mapping X 
→ XC is a Lie algebra homomorphism fromX(Q) toX(T Q), while
the vertical lift is commutative. Specifically, for any X , Y ∈ X(Q), the following
bracket relations hold:

[X V , Y V ] = 0 , (45)

[XC , Y V ] = [X , Y ]V , (46)

[XC , Y C ] = [X , Y ]C . (47)

Remark 2.13 Notice that complete lifts of vector fields XC generate T Q point-wise,
for every v ∈ T Q. As a consequence, we may use the complete lift to compute the
lift of tensors of different degree.

A first example of the idea presented in Remark 2.13 is the lift of almost-product
structures to the tangent bundle as well. The study of these lifts will result useful in the
sequel. For the sake of exposition, we restrict to the case of almost product structures
complementing an integrable distribution.

Definition 2.14 (Complete lift of an almost product structure) Let P˜ be an almost
product structure on the configuration manifold Q complementing an integrable dis-
tribution. Locally, with adapted coordinates, the projector reads as:

P˜ =
(
d f A − P˜A

a (x, f )dxa
)
⊗ ∂

∂ f A
, (48)

where (xa, f A) denote local coordinates on Q adapted to the foliation induced by P˜.
The complete lift of P˜ to the tangent bundle T Q is defined by the condition

P˜C (XC ) = [
P˜(X)

]C
, ∀ X ∈ X(Q) . (49)

In the induced local coordinates (xa, f A, vx
a, v f

A) on T Q, the complete lift P takes
the specific form:

P = P A
f ⊗

∂

∂ f A
+ P A

v ⊗ ∂

∂v f
A

, (50)

where the projection 1-forms are given by:

P A
f = d f A − P˜A

a dxa , (51)

P A
v = dv f

A − P˜A
a dvx

a −
(

vx
b ∂ P˜A

a

∂xb
+ v f

B ∂ P˜A
a

∂ f B

)
dxa . (52)

Remark 2.15 If P˜ complements the integrable distribution K˜, its complete lift P˜C

complements the complete lift of the distribution K˜C .

Definition 2.16 (The geometry of the tangent bundle) Given a smooth d-dimensional
differential manifold Q, with local coordinates

{
q j

}
j=1,...,d , the geometry of its

tangent bundle T Q is characterized by two canonical objects (see [19, 23]):
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• The vertical endomorphism (or soldering form) S, which is a (1, 1)-tensor field
S on T Q that locally, using the system of coordinates

{
q j , v j

}
j=1,...,d for T Q,

reads

S = dq j ⊗ ∂

∂v j
. (53)

It defines the vertical distribution V(T Q) = Im(S). Identified as a map
S : T Q −→ T Q, it can be intrinsically defined as the unique map satisfying

S(X(v)) := ((πQ)∗X(v))V , (54)

for every X ∈ X(T Q).
• The Liouville vector field �, which is the infinitesimal generator of dilations
along the fibers. Locally,

� = v j ∂

∂v j
. (55)

These tensors satisfy the following properties:

ImS = kerS, (56)

NS = 0, (57)

� ∈ ImS, (58)

L�S = −S, (59)

where NS = [S, S]F−N (where [ ·, · ]F−N denotes the Frölicher–Nijenhuis bracket
[34]) is the Nijenhuis tensor of S. We will denote by dS the operator on forms given
by dSα := diSα + iSdα

Properties (56)-(59) are not incidental; they uniquely characterize the tangent bundle
structure (see Theorem 2.19).
With the above discussion in mind, the following definition is natural.

Definition 2.17 ((Almost) tangent structure) An almost tangent structure on a man-
ifold M is a (1, 1)-tensor field S such that, when identified as an endomorphism
S : T M −→ T M , it satisfies Im S = ker S. An almost tangent structure S on
M is called a tangent structure or involutive if the endomorphism S satisfies
NS = [S, S]F−N = 0.

Remark 2.18 Let Q be an arbitrary configuration manifold. In light of Definition 2.16,
we have that M = T Q admits a canonical tangent structure.

In fact, any almost tangent structure on a manifold M , say S ∈ �
(
T∗ M ⊗ T M

)
has

the local expression of Eq. (53) if and only if [S, S]F−N = 0 (see [34]). Whether a
tangent structure S ∈ �

(
T∗ M ⊗ T M

)
is isomorphic to the canonical tangent struc-

ture on T Q is characterized by the existence of a Liouville vector field satisfying
properties Eq. (58)-(59).
Indeed, we have:
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Theorem 2.19 (Characterization of tangent bundles) [9, 10, 43] Given a 2d-
dimensional manifold M, equipped with a (1, 1)-tensor S and a vector field � such
that:

• The vector field � is complete.
• The set of zeroes of �, Q := {m ∈ M | �m = 0}, is a smooth d-dimensional

embedded submanifold of M.
• The limit of the flow of �, limt→−∞ F�

t (m), exists for all m ∈ M (and defines the
projection onto Q).

• S and � satisfy the relations in Eqs. (56) to (59).

Then the manifold M is diffeomorphic to the tangent bundle of Q, M ∼= T Q.

2.4 Jet structures

In order to deal with the regularization of time-dependent (or non-autonomous) sin-
gular Lagrangian systems, the geometry of the so-called jet bundle of a fiber bundle
over the real line Q −→ R will take a primary role. The first jet of the manifold is
defined similarly to the tangent bundle:

Definition 2.20 Let π : Q −→ R be a fiber bundle. As a set, its first jet bundle J 1π

is defined as the equivalence class of sections γ : R −→ Q to first order. It can be
naturally endowed with a smooth structure (see [45]).

Remark 2.21 (Natural coordinates) There are natural coordinates on J 1π , for any
given fibered coordinates (t, qi ) on π : Q −→ R, which read as (qi , q̇i , t), represent-
ing the class of sections through (qi , t) with velocity ∂

∂t + q̇i ∂
∂qi .

On J 1π , the notion of vertical and complete liftsmay be defined similarly to the case
of T Q, and take the same local expression as in Definition 2.12 when the canonical
coordinates (q j , q̇i , t) are chosen. In particular, one may define it using the following
embedding:

Remark 2.22 (Embedding of jets into tangent bundle) For a jet bundle J 1π , of some
(arbitrary) configuration bundle π : Q −→ R, we have a canonical embedding

iπ : J 1π ↪→ TQ . (60)

This embedding is defined using the global vector field ∂
∂t on R as follows:

iπ ( jtγ ) := γ∗
(

∂

∂t

)
. (61)

Defining natural coordinates (t, qi , ṫ, q̇ i ) on TQ, it reads as i∗π (t, qi , ṫ, q̇ i ) =
(t, qi , 1, q̇i ).

Then, given a vertical vector field X ∈ X(Q) with respect to the projection
π : Q −→ R, we can define the vertical and complete lift simply by restricting the
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vertical and complete lift on TQ to J 1π (which are tangent vectors). On jet bundles
one usually defines the so-called 1st order jet prolongation of a vector field onQ. It can
be defined for vertical vector fields like those we are considering here (and, indeed, in
that case it is the same as what we are here calling complete lift), and, more generally,
for projectable vector fields.

Remark 2.23 (Local expressions of vertical and complete lifts) Let X = Xi (q, t) ∂
∂qi

be a vertical vector field on π : Q −→ R. Then the vertical and complete lift take the
following expressions:

Xv = Xi ∂

∂q̇i
and XC = Xi ∂

∂qi
+

(
∂ Xi

∂t
+ ∂ Xi

∂q j
q̇ j

)
∂

∂ q̇i
. (62)

Definition 2.24 (The geometry of the jet bundle)Letπ : Q −→ R denote a fiber bundle
over R, where the standard fiber has dimension d. The geometry of the first jet bundle
is characterized by the following ingredients:

• A closed 1-form, τ = dt .
• The vertical endomorphism S, which is a (1, 1)-tensor field on J 1π that, employ-
ing the canonical set of coordinates {q j , q̇ j , t} j=1,...,d , reads as

S = (dqi − q̇idt)⊗ ∂

∂ q̇i
(63)

and satisfies that Im S is an integrable distribution with

S2 = 0 , rank S = d , dt(Im S) = 0 , and [S, S]F−N = 2dt ∧ S .

(64)
• It is an affine bundle over Q modeled on the vector bundle ker dπ −→ Q.

Remark 2.25 (Trivialized bundles) When the bundle is trivializedQ = Q×R −→ R,
we have a canonical diffeomorphism J 1π ∼= T Q × R. Since every fiber bundle over
R is trivializable, it follows that J 1π ∼= T Q × R, for some Q (which is the standard
fiber). However, this diffeomorphism depends on the trivialization, and breaks the jet
geometry. The discussion that we present applies to the trivialized version as well, and
has the advantage of being readily generalizable to more general variational problems,
where the bundle may not be trivial.

When dealingwith trivialized bundles, the geometry of J 1π is that of stable tangent
structures (see [17]). In this case, the vertical endomorphism canonically splits as

S = S − dt ⊗�, (65)

where � is the Liouville vector field inherited by the vector bundle structure on T Q.
In this case, one may introduce the following (1, 1)-tensor

S̃ = S + dt ⊗ ∂

∂t
. (66)
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These objects (and their relations) completely characterize stable tangent structures.
Similarly to almost tangent structures, one can define an almost stable tangent structure
on amanifold M to be a collection of objects that satisfy point-wise the same properties
that those canonical objects on T Q × R satisfy. For completeness, we collect the
definitions and results here.

Definition 2.26 ((Almost) stable tangent structure) An almost stable tangent struc-
ture on a (2d + 1)-dimensional manifold M is a tuple (S̃, τ, ξ) consisting of a
(1, 1)-tensor S̃ ∈ �

(
T∗ M ⊗ T M

)
, a 1-form τ ∈ �1(M) and a vector field ξ ∈ X(M)

satisfying
S̃2 = τ ⊗ ξ , rank S̃ = d + 1 , and τ(ξ) = 1 . (67)

If, in addition, dτ = 0 and [S̃, S̃]F−N = 0, we say that (S̃, τ, ξ) is involutive or that
it defines a stable tangent structure.

Locally, every stable tangent structure looks like T Q × R. To obtain a global
isomorphism we need the linear structure, which is characterized by the existence of
a Liouville vector field (as in the tangent case).

Theorem 2.27 (Characterization of stable tangent bundles) [17] Let M be a (2d + 1)-
dimensional manifold equipped with a stable tangent structure (S, τ, ξ) and a vector
field � ∈ X(M) satisfying:

• The vector field � is complete.
• The closed form τ is exact τ = dt , for certain surjective function t : M −→ R.
• The following set Q := {m ∈ M : �|m = 0 and t(m) = 0} is a smooth

d-dimensional embedded submanifold.
• Denoting by F�

t the flow of �, the limit limt→−∞ F�
t (m) exists for all m ∈ M

and is a surjective submersion onto Q.
• � satisfies the following:

£� S̃ = −S , and S̃(�) = 0 (68)

Then, M is diffeomorphic to a stable tangent bundle T Q×R, for some configuration
manifold Q.

It is unknown to the authors if a similar characterization for jet structures on a
manifold M exists. However, to deal with uniqueness of the Lagrangian regularization
of non-autonomous systems, we need to introduce this notion abstractly. In principle,
theremay be a regularizationwhich could be considered Lagrangian locally (due to the
presence of a vertical endomorphism and 1-form dt), but not considered Lagrangian
globally, in the sense that it is not diffeomorphic to a jet bundle itself. The notion that
we work with is the following:

Definition 2.28 (Almost jet structure) Let M be a (2d + 1)-dimensional manifold.
An almost jet structure on M is a pair (S, ξ), where S is a (1, 1)-tensor and ξ is a
nowhere zero 1-form, that satisfy the following properties.

S2 = 0 , rank S = d , ξ(Im S) = 0 . (69)
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When the equalities dξ = 0, [S, S]F−N = 2ξ ∧ S hold and Im S is an integrable
distribution, we call it a jet structure.

3 Regularization of autonomous systems

3.1 Symplectic Hamiltonian systems

Definition 3.1 (Symplectic manifold) A symplectic manifold is a pair (M, ω), where
M is a smooth manifold of even dimension 2n and ω ∈ �2(M) is a closed and
non-degenerate differential 2-form, called the symplectic form.

Theorem 3.2 (Darboux’s Theorem) Let (M, ω) be a symplectic manifold of dimension
2n. Around every point m ∈ M, there exist local coordinates (q1, . . . , qn, p1, . . . , pn),
called Darboux coordinates, such that the symplectic form locally reads:

ω = dqi ∧ dpi .

Definition 3.3 (Hamiltonian system) A Hamiltonian system is a triple (M, ω, H),
where (M, ω) is a symplectic manifold (the phase space) and H ∈ C∞(M) is a
smooth function (the Hamiltonian).

Remark 3.4 (Poisson manifolds) [19, 36, 42] Some authors define a Hamiltonian sys-
temmore generally as a pair (M,�), where M is a manifold and� is a Poisson tensor
(a bivector field whose Schouten-Nijenhuis bracket [�,�] vanishes), together with a
Hamiltonian function H ∈ C∞(M). Every symplectic manifold (M, ω) is a Poisson
manifold, with the Poisson tensor � being the bivector field ω� associated with ω.
The resulting Poisson bracket is given by { f , g} = �(d f , dg) = ω(X f , Xg). The
converse, however, is not true, as a Poisson tensor may be degenerate (i.e., the map
�� : T∗ M → T M is not an isomorphism). Throughout this paper, we will adhere to
the definition given in Definition 3.3, and the term Hamiltonian system will always
refer to a system defined on a symplectic manifold.

Since the 2-form ω is non-degenerate, the musical morphism ω� : T M → T∗ M ,
given by ω�(v) = iv ω, actually defines a vector bundle isomorphism. This guarantees
the existence of a unique vector field X H ∈ X(M), the Hamiltonian vector field,
satisfying the intrinsic Hamilton’s equations:

iX H ω = dH . (70)

In Darboux coordinates (qi , pi ), the vector field takes the local form:

X H = ∂ H

∂ pi

∂

∂qi
− ∂ H

∂qi

∂

∂ pi
, (71)
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and its integral curves γ (t) = (qi (t), pi (t)) are the solutions of the Hamiltonian
system, satisfying the standard Hamilton’s equations:

dqi

dt
= ∂ H

∂ pi
,

dpi

dt
= −∂ H

∂qi
. (72)

The non-degeneracy of ω ensures local existence and uniqueness of solutions for any
given initial condition m ∈ M .

3.2 Coisotropic regularization of pre-symplectic Hamiltonian systems

In general, when working with singular theories (such as gauge Hamiltonian theories
and singular time-independent Lagrangian theories), we work on a pre-symplectic
manifold, rather than on a symplectic one, say (M, ω).

Definition 3.5 (Pre-symplectic Hamiltonian system) A pre-symplectic Hamiltonian
system is a triple (M, ω, H), where (M, ω) is a pre-symplectic manifold and H ∈
C∞(M) is a Hamiltonian. In this case, the characteristic distribution V := ker ω is
non-trivial. The dynamics is still formally governed by the equation

iXω = dH . (73)

However, this equation poses two distinct problems:

1. Existence: A vector field X satisfying the equation may not exist.
2. Uniqueness: If a solution X exists, it is not unique (it is defined only up to the

addition of any vector field Y ∈ V).
These two problems identify two classes of pre-symplectic systems:

Inconsistent Hamiltonian Systems. A system is inconsistent if the existence condi-
tion fails, i.e., dH is not in the image of ω�. This happens at points m where dHm does
not annihilate the kernel: ker ω � ker dH . For these systems, one must first find the
submanifold of M where a consistent dynamical evolution exists. This is achieved by
the pre-symplectic constraint algorithm (PCA), developed byM.J. Gotay, J.M. Nester,
and G. Hinds [27] (see also the papers [25, 26]).

The algorithm proceeds iteratively. We define M0 := M and define the first con-
straint manifold M1 as the locus where dH is compatible with ω:

M1 := {m ∈ M0 | (dH)m(Y ) = 0, ∀Y ∈ (Tm M0)
⊥ω } , (74)

where (Tm M0)
⊥ω := Vm = ker ωm . Assuming M1 is a smooth submanifold, the

algorithm imposes solutions of (73) on M1 to be tangent to M1, which is a new
consistency requirement. Eventually, at each step k ≥ 2, one finds the submanifold
Mk ⊂ Mk−1:

Mk := {m ∈ Mk−1 | (dH)m(Y ) = 0, ∀Y ∈ (Tm Mk−1)⊥ω } . (75)
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where (Tm Mk−1)⊥ω := {Y ∈ Tm M | ωm(Y , Z) = 0, ∀Z ∈ Tm Mk−1}. Assum-
ing that all of these subsets are actually smooth submanifolds, we have two main
possibilities:

• There is a certain k for which Mk = ∅, in which case the dynamics are globally
not well-defined.

• The algorithm stabilizes on a final constraint manifold M f �= ∅, meaning there
exists k ∈ N such that Mk = Mk−1 =: M f .

If the algorithm stabilizes, then the pre-symplectic Hamiltonian system (M f , ω f , H f )

(where ω f = i∗f ω, H f = i∗f H ) is, by construction, no longer inconsistent. Equations

i� f ω f = dH f , (76)

are nowwell-posed and the integral curves of� f , embedded into the starting manifold
M , are the solutions of the original pre-symplectic Hamiltonian system.

Remark 3.6 The above (PCA) algorithm is a geometrization of the so-called Dirac-
Bergmann constraint algorithm developed by both authors in an independent manner
(see [3, 20, 21, 44]). The reader can find more complete information in P.A.M. Dirac’s
monograph [22] as well as in these two papers by M.J. Gotay and J.M. Nester [25,
26].

Consistent Hamiltonian Systems.A system is consistent if it admits a global dynam-
ics, i.e., ker ω ⊆ ker dH . This corresponds to a system that either started consistent
(like a pure gauge theory) or is the result (M f , ω f , H f ) of applying the PCA. In this
case, the existence problem is solved, but the uniqueness problem (gauge ambiguity)
remains, as the dynamics X is only defined up to X 
→ X + Y for Y ∈ ker ω f .
To solve this remaining ambiguity, one can regularize the system using the coisotropic
embedding theorem.

Theorem 3.7 (The coisotropic embedding theorem) Let (M, ω) be a pre-symplectic
manifold with characteristic distributionV = ker ω. There exists a symplectic manifold
(M̃, ω̃) and an embedding

i : M ↪→ M̃ , (77)

such that i∗ω̃ = ω and i(M) is a closed coisotropic submanifold of (M̃, ω̃). The pair
(M̃, ω̃) is called a symplectic thickening of (M, ω). Furthermore, this thickening is
unique up to a neighborhood equivalence [24].

Remark 3.8 (Construction of the symplectic thickening) The construction of M̃ (see
[32, 49]) requires choosing an almost product structure P of the type (2.11). Locally,
usingDarboux coordinates (qa, pa, f A) such thatω = dqa∧dpa andV = span{ ∂

∂ f A },
the projector P (which defines H = ker P) is given by

P = P A ⊗ ∂

∂ f A
=

(
d f A − Pq

A
a dqa − Pp

Aadpa

)
⊗ ∂

∂ f A
. (78)
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The thickening M̃ is a neighborhood of the zero section in the dual bundle V∗, with
coordinates (qa, pa, f A, μA). The symplectic form is ω̃ := τ ∗ω+dϑ P , where ϑ P =
μA P A is the tautological 1-form. In local coordinates:

ω̃ = dqa ∧ dpa + dμA ∧ P A + μAdP A . (79)

It is symplectic only in a tubular neighborhood of the zero-section of τ (μA ≈ 0,
namely μA approaching zero), unless P has a vanishing Nijenhuis tensor [19].

The coisotropic embedding theorem provides the tool to regularize any consistent pre-
symplectic Hamiltonian system. If we start with an inconsistent system, we first apply
the PCA to get the consistent system (M f , ω f , H f ). We then apply Theorem 3.7 to
this M f .

In both scenarios, the procedure is the same:weembed the consistent pre-symplectic
manifold (M, ω) (which could be M0 or M f ) into its symplectic thickening (M̃, ω̃).We
extend the Hamiltonian H to H̃ ∈ C∞(M̃) as H̃ = τ ∗H . The new system (M̃, ω̃, H̃)

is regular (symplectic), and its unique Hamiltonian vector field X H̃ is easily shown to
be tangent to M , providing a (gauge-fixed) unique dynamical evolution for the original
system. Indeed, let us introduce the adapted basis of vector fields on M̃ :

{
Ha = ∂

∂xa
+ P A

a
∂

∂ f A
, VA = ∂

∂ f A
, W A = ∂

∂μA

}
, (80)

and its dual coframe of 1-forms:
{
dxa , P A = d f A − P A

a dxa , dμA

}
. (81)

Notice that the characteristic distribution of ω is locally spanned by VA, meaning
ker ω = span{VA}, and the original pre-symplectic form locally readsω = 1

2ωabdxa∧
dxb. Since the extended Hamiltonian H̃ = τ ∗H depends only on the base coordinates
(xa, f A), its exterior derivative can be naturally expanded in the dual coframe as:

dH̃ = ∂ H

∂xa
dxa + ∂ H

∂ f A
d f A = Ha(H)dxa + VA(H)P A . (82)

On the other hand, the thickened symplectic form is defined as ω̃ = π∗ω+d(μA P A).
As discussed in Theorem 3.7 it is symplectic only in a tubular neighborhood of the
zero-section of τ (where μA ≈ 0), and it reads

ω̃ = 1

2
ωabdxa ∧ dxb + dμA ∧ P A . (83)

The Hamiltonian vector field in the adapted basis considered reads X H̃ = Xa Ha +
X AVA + XμA W A (note that μA is one index, not to be confused with an expression
of the sort μA). Computing its interior product with ω̃ gives:

iX H̃
ω̃ = Xaωab, dxb + XμA P A − X AdμA. (84)
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Imposing the Hamiltonian condition iX H̃
ω̃ = dH̃ and matching the coefficients of

the linearly independent 1-forms, we obtain the system:

Xaωab = Hb(H) , (85)

−X A = 0 �⇒ X A = 0 , (86)

XμA = VA(H) = ∂ H

∂ f A
. (87)

Since the original pre-symplectic Hamiltonian system is consistent by hypothesis,
the original Hamiltonian H must annihilate the kernel of ω, meaning dH(VA) = 0,
which translates to ∂ H

∂ f A = 0. Substituting this into Eq. (87), we find that XμA = 0

everywhere on M . Since the transversal components XμA along the directions W A

vanish on the zero section, the dynamical vector field X H̃ does not point outside the
submanifold, meaning it is strictly tangent to M .

3.3 Coisotropic regularization of degenerate Lagrangian systems

We now shift our focus to the Lagrangian formalism. Using the intrinsic geometry of
the tangent bundle, we recall how the dynamics of any Lagrangian system (regular
or degenerate) can be formulated in a "Hamiltonian-like" manner on the velocity
phase spaceT Q. The presence of the tangent bundle structure (S,�) requires slightly
modifying the coisotropic regularization scheme presented for Hamiltonian systems.
First, using the geometry of the tangent bundle described in Sect. 2.3, let us recall
the geometric definition of a second-order differential equation and let us define the
geometric structures associated with any Lagrangian L ∈ C∞(T Q).

Definition 3.9 (Second Order Differential Equation (SODE)) A vector field X ∈
X(T Q) is a Second Order Differential Equation (SODE) field if its integral curves
γ (t) = (q j (t), v j (t)) correctly relate the position and velocity coordinates, i.e., they

satisfy the kinematic condition dq j

dt = v j . In local coordinates (q j , v j ), a general
vector field X reads

X = A j (q, v)
∂

∂q j
+ B j (q, v)

∂

∂v j
. (88)

Its integral curves satisfy q̇ j = A j . Therefore, for a SODE we must have A j = v j .
Intrinsically, this condition is expressed by

S(X) = � . (89)

Definition 3.10 (Regular Lagrangian system) A Lagrangian system is a pair (Q, L).
We define:

• The Poincaré-Cartan 1-form θL := dS L = S∗(dL), locally reading

θL = ∂L

∂v j
dq j . (90)
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• The Lagrangian 2-form ωL := −dθL , locally reading

ωL = ∂2L

∂v j∂vk
dq j ∧ dvk − ∂2L

∂qk∂v j
dqk ∧ dq j . (91)

• The Lagrangian energy EL := �(L)− L .

A system is regular if ωL is symplectic (i.e., its Hessian matrix
(

Wi j = ∂2 L
∂vi ∂v j

)
is

non-singular).

The following theorem gives sufficient (which are, trivially, also necessary) conditions
for a 2-form ω on T Q to be Lagrangian.

Theorem 3.11 (Characterization of Lagrangian 2-forms) A 2-form ω on T Q is a
(local) Lagrangian 2-form, i.e., ω = ωL = −ddS L for some L ∈ C∞(T Q), if
and only if it satisfies the following conditions:

dω = 0 , (92)

ω(SX , Y ) =ω(SY , X) , ∀X , Y ∈ X(T Q) . (93)

Proof ( �⇒ ) Condition (92) implies that ω can be locally written as

ω = d(A jdq j + B jdv
j ) . (94)

Condition (93) for any pair of the type X = ∂
∂q j , Y = ∂

∂vk gives

ω

(
∂

∂v j
,

∂

∂vk

)
= 0 , ∀ j, k = 1, ..., n , (95)

namely that
∂ B[ j

∂vk] = 0 ,∀ j, k = 1, ..., n (96)

(square brackets denoting skew-symmetrization) i.e.,

B j = ∂ B

∂v j
(97)

for some B ∈ C∞(T Q). Thus, ω locally reads

ω = d

(
A jdq j + ∂ B

∂v j
dv j

)
= d

(
A jdq j + dB − ∂ B

∂q j
dq j

)
= d(C jdq j ) , (98)

for

C j = A j − ∂ B

∂q j
. (99)
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On the other hand, condition (93) for any pair of the type X = ∂
∂q j , Y = ∂

∂qk , gives

ω

(
∂

∂v j
,

∂

∂qk

)
= ω

(
∂

∂vk
,

∂

∂q j

)
. (100)

It is easy to see that this latter condition implies that

∂C[ j

∂vk] = 0 ,∀ j, k = 1, ..., n , (101)

i.e.,

C j = ∂L

∂v j
, (102)

for some L ∈ C∞(T Q). This proves that there exists a local function L on T Q such
that ω = ddS L .

( ⇐� ) The necessity of condition (92)-(93) is trivial and follows from a straight-
forward computation. ��
The solutions of a regular system are the integral curves of the unique SODE (Second
Order Differential Equation) field X L (namely, satisfying S(X L) = �), which is the
unique solution to the intrinsic Euler-Lagrange equation

iX L ωL = dEL . (103)

Definition 3.12 (Degenerate Lagrangian systems) A Lagrangian system (Q, L) is
degenerate if ωL is degenerate (pre-symplectic). A degenerate Lagrangian system
is precisely a pre-symplectic Hamiltonian system (T Q, ωL , EL), but one which
carries the "extra" kinematic constraint that its physical dynamics must be a SODE
field.

As in the Hamiltonian case, this pre-symplectic system (T Q, ωL , EL) can be either
inconsistent or consistent.
Inconsistent Lagrangian Systems. In this case ker ωL � ker dEL , and, thus, the
equation iXωL = dEL is not solvable on the entireT Q, meaning no global dynamical
field X exists.
To find the (sub)manifold where consistent solutions exist, one must apply a constraint
algorithm. Historically, this problem was tackled by the celebrated Dirac-Bergmann
algorithm [22]. This term often encompasses two related but distinct procedures.

Dirac’s Hamiltonian Algorithm, developed by P.A.M. Dirac and P.G. Bergmann
[22], follows the following steps:

• The Legendre map FL : T Q → T∗ Q, defined by the fiber derivative

〈FL(v), w〉 := d

ds
L(v + sw)

∣∣∣
s=0 , (104)

and locally reading

(q j , v j ) 
→
(

q j , p j = ∂L

∂v j

)
, (105)
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is assumed to be almost-regular (meaning the Hessian Wi j has constant rank).
Consequently, its image M1 := FL(T Q) is a submanifold of T∗ Q defined by
a set of primary constraints �

(1)
a (q, p) ≈ 0 (where ≈ means that the equality

should be fulfilled along solutions of the equations of motion).
• A canonical Hamiltonian HC ∈ C∞(M1) is defined (as it can be shown that EL

is constant on the fibers of FL [25]). This HC is then extended to a Hamiltonian
HE ∈ C∞(T∗ Q) on the ambient space.

• The total Hamiltonian is defined as HT = HE + μa�
(1)
a , where μa are arbitrary

functions (Lagrange multipliers).
• The algorithm imposes the consistency condition �̇

(1)
a ≈ {�(1)

a , HT }ωQ ≈ 0. This
procedure iteratively generates a set of secondary (and tertiary, etc.) constraints,
defining a final constraint manifold M f ⊂ T∗ Q.

Remark 3.13 (Relation between Dirac’s algorithm and the PCA) We can now clarify
the relationship between Dirac’s algorithm and the geometric PCA (as defined in
Sect. 3.2).Dirac’s algorithm is, in essence, the local coordinate version of the geometric
PCA. Indeed, as it is proven in [25],Dirac’s k-ary constraints�(k) ≈ 0 locally select the
submanifold Mk ⊂ T∗ Q. Furthermore, the Hamiltonian vector field X�(k) (associated
with a k-ary constraint via the symplectic structure ωT∗ Q of T∗ Q) is tangent to the

constraint submanifold Mk and belongs to the space (T Mk)
⊥ωT∗ Q used in the PCA

iteration. On the other hand, it is also proven that any vector field Y ∈ (Tm Mk−1)
⊥ωT∗ Q

(the space used by the PCA) gives rise to a local constraint condition (dHE )(Y ) ≈ 0,
which is precisely how Dirac generates the next set of constraints. Therefore, one
can conclude that the constraint conditions imposed by Dirac are the local coordinate
expressions of the geometric conditions that select the submanifolds Mk of the PCA.
However, a conceptual differencebetween the twoapproaches exists.Dirac’s algorithm
works on the whole Phase Space T∗ Q along the constraint submanifolds Mk , and
defines solutions (vector fields XT ) on thewholeT∗ Q. In contrast, one could apply the
PCA (as defined in Sect. 3.2) intrinsically, starting from the pre-symplectic manifold
(M1, ω1 = ωT∗ Q |M1) as the "ambient" space. As noted in [25], these two procedures
are equivalent and stabilize on the same final constraint manifold M f .
In this respect, it is proven in [25] that the intrinsic solution X f (found on M f and
satisfying iX f ω f = dH f ) can be lifted to a solution XT on the ambient space T∗ Q
satisfying the equations for the total Hamiltonian, iXT ωQ = dHT .

On the other hand, Bergmann’s Lagrangian Algorithm, developed by P.G.
Bergmann [3, 44], operates entirely on the tangent bundle (the velocity space) T Q. It
follows the steps:

• The Euler-Lagrange equations are Wi j q̈ j + ( ∂2 L
∂vi ∂q j v

j − ∂L
∂qi ) = 0, where (Wi j =

∂2 L
∂vi ∂v j ) is the singular Hessian.

• Contracting with a vector Y i in the kernel of W (Y i Wi j = 0) annihilates the q̈

term, yielding the primary constraints �
(1)
a (q, v) ≈ Y i

a( ∂2L
∂vi ∂q j v

j − ∂L
∂qi ) ≈ 0.
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• The algorithm imposes consistency by differentiating these constraints, d
dt �

(1)
a

(q, v) ≈ 0. This introduces q̈ terms, which are then replaced using the "evolutive"
part of the E-L equations, generating secondary constraints �

(2)
b (q, v) ≈ 0.

Remark 3.14 (Relation between Bergmann’s algorithm and the PCA) In our intrin-
sic formulation (Definition 3.12), the degenerate system is the pre-symplectic system
(T Q, ωL , EL). It can be proven that Bergmann’s algorithm is exactly the local appli-
cation of the PCA to this system. Indeed, the PCA begins by defining M1 = {m ∈
T Q | (dEL)m(Y ) = 0, ∀Y ∈ ker(ωL)m}. Let us identify the kernel K = ker ωL . It
can be locally decomposed as K = KV ⊕ K H , where KV = K ∩ Im S (the vertical
kernel, related to ker W ) and K H is a horizontal complement (related to ker W in the
∂/∂q directions). We test the PCA condition (dEL)(Y ) = 0 on both parts:

• For the vertical kernel YZ = Zi ∂
∂vi ∈ KV (where Wi j Z j = 0):

(dEL)(YZ ) =
(

∂ EL

∂vi

)
Zi = (vk Wki )Zi = vk(Wik Zi ) = 0 . (106)

This condition is satisfied identically because Z ∈ ker W . The vertical kernel
generates no constraints.

• For the horizontal kernel YY = Y i ∂
∂qi ∈ K H (where Wi j Y j = 0):

(dEL)(YY ) =
(

∂ EL

∂qi

)
Y i =

(
v j ∂2L

∂qi∂v j
− ∂L

∂qi

)
Y i ≈ 0 . (107)

This last equation is precisely the set of primary constraints �
(1)
a (q, v) ≈ 0 derived

from Bergmann’s Lagrangian algorithm. Since the subsequent steps of both algo-
rithms are defined by the same iterative tangency requirement, the two algorithms are
equivalent.

The PCA only checks for the existence of some vector field X satisfying iXωL =
dEL . It does not check if this X is a SODE field (i.e., S(X) = �). A system can be
Hamilton-consistent (M f �= ∅) but Lagrangian-inconsistent if none of the solutions
X on M f are SODEs.
To solve this, one should use a "SODE-compatible" PCA (see [41] for a more in-depth
treatment). At each step k, one defines the next manifold Fk ⊂ Fk−1 as the locus of
points m where there exists a vector Xm ∈ Tm(T Q) that satisfies all three conditions:

1. Hamiltonian condition: (iXm ωL + dEL)m(Y ) = 0 for all Y ∈ (Tm Fk−1)⊥ωL .
2. SODE condition: S(Xm) = �m .
3. Tangency condition: Xm ∈ Tm Fk−1.
If this algorithmconverges, it finds afinal constraintmanifold F f where theLagrangian
system becomes consistent, and which is, in general, a subset of the Hamiltonian one,
F f ⊆ M f .
The case of inconsistent Lagrangian systems forces us to first apply the Lagrangian
constraint algorithm to find the physical manifold F f . In general, there is no reason
to expect F f to be a tangent bundle itself.
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At this stage, the system is (F f , (ωL) f , (EL) f ), which is a consistent pre-
symplectic system (generically with gauge freedom ker(ωL) f �= {0}), but it is no
longer a Lagrangian system. To regularize the remaining gauge freedom, one can
apply the coisotropic embedding (Theorem 3.7) to (F f , (ωL) f ). The result is a sym-
plectic manifold (F̃ f , ω̃ f ). This manifold is generic, non-Lagrangian, and has lost
the original physical tangent structure. This path solves the constraint problem but
"destroys" the Lagrangian structure.

Example 3.15 (Affine Lagrangians) A particularly enlightening example of the prob-
lem presented above is that of affine Lagrangians. Indeed, let α ∈ �1(Q) be a 1-form
and f ∈ C∞(Q) be a function. Let

L : T Q −→ R , L(v) := α(v)+ f (πQ(v)) . (108)

Locally, if α = αidqi , we have L = αi q̇ i + f (q). The Poincaré–Cartan form in this
scenario is

ωL = −d
(
αidqi

)
= −dα . (109)

And the Lagrangian energy is EL = − f . Then, the equations of motion are ιXdα =
d f , so that it is actually a first order equation on Q, and may be regarded as a pre-
symplectic system. Then, the constraint algorithm on (T Q, L) is πQ-related to the
algorithm on the pre-symplectic system (Q, dα, f ) as follows:

F f · · · F1 T Q

M f · · · M1 Q

, (110)

and we have the equality

Fk = {v ∈ Tp Mk−1 : p ∈ Mk and ιvdα = d f } . (111)

In particular, (M f , dα, d f ) is a consistent pre-symplectic Hamiltonian system and
F f −→ M f is an affine bundle modeled over K˜ = ker dα. Then, the characteristic
distribution on F f is K˜C |F f , and the thickening is (an open subset of)

F̃ f =
(

K˜C
)∗ |F f −→ F f . (112)

In particular, by taking adapted coordinates (xa, f A) to K˜, the coordinates on F̃ f are
(xa, f A, ḟ A, μA, μ̇A), and there is no reason to expect F̃ f to be a tangent bundle.

Remark 3.16 (Gotay and Nester’s Lagrangian constraint algorithm) There are differ-
ent ways of performing the constraint algorithm to ensure that the final constraint not
only has well-defined (tangent) dynamics, but the dynamics can be chosen to satisfy
the SODE condition. To our knowledge, themost standard algorithm is the Lagrangian
constraint algorithm by Gotay and Nester [26]. The algorithm proceeds as follows.
Let L ∈ C∞(T Q) be a singular Lagrangian. Then, instead of requiring the SODE
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condition at each step, one follows the Hamiltonian version of the algorithm, namely,
by setting M0 = T Q and then

Mk := {m ∈ Mk−1 | (dH)m(Y ) = 0, ∀Y ∈ (Tm Mk−1)⊥ω } . (113)

Suppose that the sequence M0, M1, . . . stabilizes at M f . Then, there is a vector field
X ∈ X(M f ) such that

iXω f = dE f , (114)

where ω f = (ωL)|M f and E f := (EL)|M f . However, the vector field X may not
satisfy the SODE condition. The idea by Gotay and Nester is to find a submanifold
of M f , in which X can be chosen to satisfy it (we refer the reader to [2, 33] for a
complete proof). The construction employs the Legendre transformation, and that the
algorithms (in the Lagrangian and Hamiltonian side) are conveniently related by it.
Indeed, when L is almost regular, by defining

P0 := LegL (T Q) ⊂ T∗ Q , (115)

one has a fibration LegL : T Q −→ P0. One can show that the Energy EL is constant
along this fibers, so that there is a well defined Hamiltonian

T Q

P0 R

LegL
EL

H0

. (116)

Then, by denoting P0, P1, . . . the submanifolds obtained by the pre-symplectic con-
straint algorithm applied to (P0, (ωQ)|P0 , H0), one has that they are related by the
Legendre transformation:

M f · · · M1 T Q

Pf · · · P1 P0 T∗ Q

LegL LegL LegL . (117)

Under mild regularity conditions, LegL : M f −→ Pf defines a fiber bundle. Gotay
and Nester then solve the SODE problem as follows: Choose a vector field X ∈ X(Pf )

solving iX (ωL)Pf = d(EL)Pf , (where (ωL)Pf reads the pull-back of (ωQ)|P0 to Pf

and (EL)Pf is the pull-back of EL to Pf ) and Y ∈ X(M f )which is LegL -related to X ,
namely (LegL)∗Y = X . Then, Y solves the equation iY (ωL)M f = d(EL)M f (where
(ωL)M f is the pull-back of ωL to M f and (EL)M f is the pull-back of EL to M f ), but,
as discussed, does not necessarily satisfy the SODE condition S(Y ) = �. Hence, one
studies the defect

Y ∗ = S(Y )−� . (118)

Let us show that limt→∞ ψY ∗
t (where ψY ∗

t denotes the local flow of Y ∗) exists and
defines a submanifold S f ↪→ M f which is diffeomorphic to Pf through the Legendre
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transformation. Indeed, if Y = ai ∂
∂qi + bi ∂

∂q̇i , we have

Y ∗ = (ai − q̇i )
∂

∂ q̇i
. (119)

Because Y is LegL -projectable, ai is constant on the fibers of M f −→ Pf and,
furthermore, since we have iS(Y )ωL = i�ωL for every vector field Y , in particular we
have Y ∗ ∈ ker ωL . This, together with the fact that ker d LegL = ker dπQ ∩ ker ωL ,
implies that Y ∗ is tangent to the fibers. Now it is clear that the integral curve of Y ∗
through the point (qi

0, q̇i
0) is

γ (t) = (qi
0, ai + e−t (q̇i

0 − ai )) , (120)

so that its limit exists, and is the point with coordinates (qi
0, ai ). In particular, S f is

the image of a section σ : Pf −→ M f

S f M f · · · M1 T Q

Pf · · · P1 P0 T∗ Q

σ . (121)

By definition, Y ∗ vanishes on S f , so that Y solves the equation and satisfies the SODE
condition S(Y ) = �. However Y need not be tangent to S f , but it is enough to consider
Ỹ := σ∗(X), which

• Is tangent to S f .
• Solves the equations by definition.
• Satisfies the SODE condition. Indeed, Y satisfies it, and Y − Ỹ is a vertical vector
field (with respect to the projection πQ : T Q −→ Q), since ker(dLegL) =
ker dπ ∩ ker ωL .

Remark 3.17 (Relation between both algorithms) The algorithm presented is related
to the one by Gotay and Nester as follows. Denote by F0, F1, . . . the constraint sub-
manifold obtained by requiring the SODE condition at each step. Then, it is clear that
at each step Fk ⊆ Mk , so that F f ⊆ M f . Furthermore, S f ⊂ F f , as we clearly have
S f ⊆ Fk , for every k. Indeed, the inclusion S f ⊆ F0 is clear, and the subsequent ones
are obtained iteratively by definition.

Consistent Lagrangian Systems. If the system is consistent but has gauge ambi-
guities, we can bypass the constraint algorithm and apply the coisotropic embedding
theoremdirectly to the initial, degenerateLagrangian system (T Q, ωL). This approach
raises the true "tangent structure problem": does this procedure preserve the tangent
structure? Specifically:

1. Is the regularized symplectic manifold M̃ diffeomorphic to a tangent bundle T Q̃?
2. If so, is the new symplectic form ω̃ a regular Lagrangian 2-form ωL̃?
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In the next section, we show that for a specific, physically relevant class of degen-
eracies, the answer to the first question is yes, while the answer to the second one
is no, unless the coisotropic regularization scheme used in the Hamiltonian setting is
slightly modified.

3.4 Existence and uniqueness of Lagrangian regularization

The objective of this section is to prove the existence of an autonomous Lagrangian
regularization, under specific conditions on the gauge ambiguities of L .Wealso discuss
the matter of uniqueness. Although global uniqueness is not guaranteed, as a plethora
of extended Lagrangians may be considered, we prove that any tangent structure on
a particular symplectic regularization M̃ must be “isomorphic on T Q” to the one we
build.Namely, thefirst-order germof the extension is unique.Themain assumption that
we will make to endow the regularization with a Lagrangian structure (as in [30, 31])
is that the characteristic distribution K = ker ωL providing the characteristic bundle
K ⊂ T(T Q) is the complete lift (tangent distribution) of an integrable distribution K˜on Q, which defines a regular foliation FK˜ . Let Q have local coordinates (xa, f A),

where xa are coordinates on the leaves of FK˜ and f A parameterize the fibers (the

distribution K˜). The tangent bundle T Q has coordinates (xa, f A, ẋa, ḟ A). Under
this hypothesis, the kernel of ωL is K = K˜C , locally spanned by

span

{(
∂

∂ f A

)C

= ∂

∂ f A
,

(
∂

∂ f A

)V

= ∂

∂ ḟ
A

}
. (122)

The symplectic thickening (M̃, ω̃) is constructed as a neighborhood of the zero section
in the dual bundle K∗ → T Q, as described in Theorem 3.7. As discussed in [30],
such thickening coincides with the wholeK∗ if the almost product structure P can be
chosen to have vanishing Nijenhuis tensor. We assume this is the case from now on.
On the other hand, the thickened space M̃ = K∗ can be identified as the cotangent
bundle of the foliation FK in the sense of the following proposition:
Proposition 3.18 The following canonical isomorphism exists:

M̃ = K∗ � T ∗FK :=
⊔

F∈FK

T∗ F , (123)

where F denotes a leaf of FK .

Proof A point p ∈ K∗ is, by definition, an element of the dual bundle toK. It consists
of a pair (m, αm), wherem ∈ T Q is the base point, and αm ∈ K ∗

m is a linear functional
on the fiber Km = ker(ωL)m . Thus, αm : Km → R.
On the other hand, a point q ∈ T ∗FK is, by its definition as a disjoint union, an
element of the cotangent bundle of a leaf F ∈ FK . This point consists of a pair
(m, βm), where m ∈ F is the base point, and βm ∈ T∗m F is a linear functional on the
tangent space to that leaf, Tm F . Thus, βm : Tm F → R.
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The foliation FK is, by construction, the integral foliation of the distribution K. This
means that, at any point m ∈ T Q, the tangent space to the unique leaf F passing
through m is precisely the subspace Km :

Tm F = Km . (124)

Since the domain spaces Km andTm F are the same vector space, their dual spaces K ∗
m

and T∗m F are also canonically identical. Therefore, there is a natural, fiber-preserving
isomorphism � : K∗ → T ∗FK given by �(m, αm) = (m, αm), which simply re-
interprets the covector αm ∈ K ∗

m as an element of T∗m F . This establishes the identity
K∗ ∼= T ∗FK . ��
Remark 3.19 In the case where the almost product structure P does not have vanishing
Nijenhuis tensor, the identification of K∗ as a global tangent manifold does not make
sense anymore. Indeed, the coisotropic embedding theorem forces us to restrict to a
tubular neighborhood of T Q inK∗ for the form to be symplectic. This neighborhood
may no longer be a vector bundle, thus destroying the global tangent structure. How-
ever, it inherits a natural tangent structure, and may be considered a tangent bundle
locally. For convenience, we restrict to the case in which ω̃ is globally symplectic,
although without much difficulty all the constructions extend to the situation where
one must work on an open subset (indeed, the local expression and constructions that
we show work for any almost product structure). Moreover, if the Hamiltonian vector
fields are complete (in particular, if the Hamiltonian vector field in the thickening
is complete), the dynamics always remain in this open subset, as the flow maintains
regularity.

The coordinates of M̃ are (xa, f A, ẋa, ḟ A, μ f A, μ ḟ A
), where (μ f A, μ ḟ A

) are the
fiber coordinates dual to the kernel generators

{
∂

∂ f A
,

∂

∂ ḟ
A

}
. (125)

We now define a new configurationmanifold Q̃.We identify Q̃ as the cotangent bundle
of the foliation FK˜ , denoted Q̃ := T ∗FK˜ ≡ K˜∗, and defined as

Q̃ = T ∗FK˜ :=
⊔

F˜∈FK˜

T∗ F˜ , (126)

where by F˜ we denote a leaf of FK˜ . The manifold Q̃ has local coordinates (q̃) =
(xa, f A, μA). The tangent bundle of this new space is T Q̃ = T(T ∗FK˜), with local

coordinates (q̃, ˙̃q) = (xa, f A, μA, ẋa, ḟ A, μ̇A).

Proposition 3.20 There exists a canonical isomorphism α that relatesT Q̃ to the thick-
ened space M̃ � T ∗TFK˜

α : TQ̃ → M̃ (127)
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Proof The isomorphism is the Tulczyjew isomorphism for foliations defined in
Sect. 2.2

α : T Q̃ = TT ∗FK˜C → T FTK˜ = T FK

: (xa, f A, μA, ẋa, ḟ A, μ̇A) 
→ (xa, f A, ẋa, ḟ A, μ f A = μ̇A,

μ ḟ A = μA) .

(128)

��

The isomorphism α is evidently differentiable, thus defining a diffeomorphism, and
allows us to endow the regularized manifold M̃ with the structure of a tangent bundle,
by "pushing forward" the canonical tangent structure (ST Q̃,�T Q̃) from T Q̃ to M̃ .
We define the tangent structure (S̃, �̃) on M̃ as:

�̃ := α∗(�T Q̃) (129)

S̃ := α∗(ST Q̃). (130)

Intrinsically, �̃ is the vector field on M̃ that is α-related to the canonical Liouville field
�T Q̃ . The tensor S̃ is the unique (1, 1)-tensor on M̃ satisfying S̃ ◦ α∗ = α∗ ◦ ST Q̃ .
Since α is a diffeomorphism, this new structure (M̃, S̃, �̃) automatically satisfies the
tangent bundle axioms (Eq. (56)).

To see this structure explicitly, we compute its local form. The canonical structure
on T Q̃ (with coordinates (xa, f A, μA, ẋa, ḟ A, μ̇A)) is:

�T Q̃ = ẋa ∂

∂ ẋa
+ ḟ A ∂

∂ ḟ
A
+ μ̇A

∂

∂μ̇A
, (131)

ST Q̃ = dxa ⊗ ∂

∂ ẋa
+ d f A ⊗ ∂

∂ ḟ A
+ dμA ⊗ ∂

∂μ̇A
. (132)

At this point, a fundamental issue arises. Let us pull-back the standard regularized
symplectic form ω̃ from M̃ to T Q̃ via the Tulczyjew isomorphism α, and check if
the resulting 2-form ω̂ := α∗ω̃ is Lagrangian with respect to the canonical tangent
structure ST Q̃ .

Recall that the thickened symplectic form constructed via the standard Hamiltonian
coisotropic embedding is:

ω̃ = τ ∗ωL + d
(
μ f A P A + μ ḟ A

R A
)

, (133)

where the 1-forms P A and R A are the 1-forms defining an almost-product structure
P adapted to K

P = P A ⊗ ∂

∂ f A
+ R A ⊗ ∂

∂ ḟ A
, (134)
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where

P A = d f A − P A
a dxa − P ′Aa dẋa , (135)

R A = d ḟ A − R A
a dxa − R′Aa dẋa . (136)

Applying the pull-back α∗, we obtain:

ω̂ = τ ∗ωL + dμ̇A ∧ P A + μ̇AdP A + dμA ∧ R A + μAdR A . (137)

For ω̂ to be a regular Lagrangian 2-form onT Q̃, it must satisfy the symmetry condition
(93), namely ω̂(ST Q̃ X , Y ) = ω̂(ST Q̃Y , X) for any pair of vector fields X , Y . Let us
test this condition using the canonical tangent structure

ST Q̃ = dxa ⊗ ∂

∂ ẋa
+ d f A ⊗ ∂

∂ ḟ A
+ dμA ⊗ ∂

∂μ̇A
, (138)

and the specific pair of coordinate vector fields X = ∂
∂μA

and Y = ∂
∂ f B . Applying

the vertical endomorphism, we have ST Q̃ X = ∂
∂μ̇A

and ST Q̃Y = ∂

∂ ḟ B . Evaluating the

left-hand side of the symmetry condition yields:

ω̂(ST Q̃ X , Y ) = ω̂

(
∂

∂μ̇A
,

∂

∂ f B

)
. (139)

The only term in ω̂ containing dμ̇A is dμ̇A ∧ P A. Since P A
(

∂
∂ f B

)
= δA

B , we obtain

ω̂(ST Q̃ X , Y ) = δA
B . (140)

Conversely, evaluating the right-hand side yields

ω̂(ST Q̃Y , X) = ω̂

(
∂

∂ ḟ B
,

∂

∂μA

)
= −ω̂

(
∂

∂μA
,

∂

∂ ḟ B

)
. (141)

The only term in ω̂ containing dμA is dμA ∧ R A. Since R A
(

∂

∂ ḟ B

)
= δA

B , we obtain

ω̂(ST Q̃Y , X) = −δA
B . (142)

This implies that for the 2-form to be Lagrangian, we would fundamentally need
δA

B = −δA
B . This shows that ω̂ is never a Lagrangian 2-form, regardless of the choice of

the almost-product structure P . Therefore, the standard coisotropic embedding inher-
ited from the Hamiltonian setting fundamentally breaks the tangent bundle geometry,
making it mandatory to slightly modify the regularization scheme to preserve the
Lagrangian nature of the system.
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At this stage, having proved that the standard coisotropic embedding inevitably
breaks the Lagrangian nature of the system with respect to the canonical tangent
structure on T Q̃, there are essentially two paths to proceed:

• Modifying the isomorphism: One can abandon the canonical Tulczyjew isomor-
phismα and construct a different bundle isomorphismbetween the thickened space
M̃ and the tangent bundle T Q̃. This is the approach adopted by A. Ibort and J.
Marín-Solano in [30], where they introduce an arbitrary Riemannian metric on the
fibers of the vector bundle K → T Q to build a non-canonical, metric-dependent
isomorphism that correctly "twists" the variables to get a Lagrangian 2-form.

• Modifying the regularized 2-form: One can preserve the canonical, purely geomet-
ric Tulczyjew isomorphism α and modify the definition of the regularized 2-form
itself.

In the present work, we adopt the second approach. Specifically, rather than relying on
the standard Hamiltonian coisotropic form ω̃, we construct the regularized Lagrangian
2-form ω̂ on T Q̃ by taking the pull-back of the original degenerate Lagrangian form,
α∗τ ∗ωL , and adding a correction term that is Lagrangian by construction. This term
takes the form−ddST Q̃

F , where F ∈ C∞(T Q̃) is a globally defined smooth function.
The construction of such a function F requires fixing an auxiliary connection on the
bundle Q̃ → Q satisfying suitable properties (which are fulfilled, for example, by any
linear connection). This new methodology presents two significant advantages over
the existing literature:

• It requires fixing a less restrictive geometric structure (a connection) compared to
the requirement of a full Riemannian metric.

• It yields a globally defined regularized Lagrangian function L̃ that generates the
dynamics, unlike the approach in [30] which only guarantees the existence of local
Lagrangian functions.

The definition of the function F is not canonical, and depends on the choice of two
ingredients:

• An Ehresmann connection ∇ on the bundle Q̃ = K∗ −→ Q, given by a splitting
of the tangent bundle in vertical and horizontal vectors

T Q̃∗ = V⊕H∇ . (143)

This connection is chosen so that the splitting at Q (identified as a submanifold
via the zero section), is the canonical splitting

T Q̃|Q = V⊕ T Q , (144)

in order for F to be zero at Q (and hence, to define an extension of L). This can
be achieved simply by choosing a linear connection, though it is not necessary.

• An almost product structure P on Q, which complements the distribution K˜.
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Remark 3.21 (Coordinate expressions) Locally, we express the components of the
connection as

H∇ = span

{
∂

∂xa
+ �a A

∂

∂μA
,

∂

∂ f B
+ �B A

∂

∂μA

}
. (145)

The condition on ∇ inducing the canonical splitting at the zero section is reflected in
the �’s vanishing at Q (again identified via the zero section).
On the other hand, we express the projector defining the almost product structure as

P = P A ⊗ ∂

∂ f A
=

(
d f A − P A

a dxa
)
⊗ ∂

∂ f A
. (146)

Now, consider the following maps

M̃ T Q̃ � V⊕H∇

T Q V

K˜ K˜∗

τ

α

pV

P

, (147)

where pV denotes the projection from T Q̃ to V defined by the connection ∇ chosen
and the arrow V −→ K˜∗ is the identification of the vertical bundle with the fiber of a
vector bundle. Then, we define the map

F P,∇ : T Q̃ −→ R (148)

for ξ ∈ T Q̃ via the natural pairing between K˜ and K˜∗

F P,∇(ξ) = 〈(P ◦ τ ◦ α)(ξ), pV(ξ)〉 . (149)

Remark 3.22 (Local expression of F P,∇ ) Using the coordinate components of ∇ and
P from Remark 3.21, we have that

F P,∇ =
(
μ̇A − ẋa�a A − ḟ B�B A

) (
ḟ A − ẋa P A

a

)
. (150)

We then have the following:

Theorem 3.23 (Lagrangian coisotropic embedding) Let L : T Q −→ R be a singular
Lagrangian. Suppose that L is consistent and that the characteristic distribution K =
ker ωL is the complete lift of a distribution K˜ on Q. Then, given an Ehresmann
connection∇ on K∗ and an almost product structure P on Q as above, the embedding

T Q ↪→ K∗ (151)
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is a coisotropic embedding on a neighborhood of T Q̃ for the symplectic structure ωL̃ ,
where L̃ = L + F P,∇ .

Proof We will first show that T (K∗)
∣∣
T Q is a symplectic vector bundle, so that ω̃

defines a symplectic structure on some neighborhood of T Q. Indeed, a quick compu-
tation shows that

dST Q̃
L̃ = dS L + ḟ AdμA + μ̇Ad f A (152)

−
(
�a A( ḟ A − ẋb P A

b )+ P A
a (μ̇A − ẋb�bA − ḟ B�B A)

)
dxa (153)

−
(
�B A( ḟ A − ẋa P A

a )+ ẋa�a A + ḟ B�B A

)
d f A (154)

− ẋa P A
a dμA . (155)

Hence, taking the exterior differential and restricting to the zero section (so that all
�’s vanish), we obtain the following 2-form

ddST Q̃
L̃ = τ ∗ωL + d ḟ A ∧ dμA + dμ̇A ∧ d f A + (semi-basic terms) . (156)

Notice that the first three terms in the right-hand side define a symplectic structure.
Since adding semi-basic terms (with respect to the projection onto Q) does not change
regularity, we have that T (K∗)

∣∣
T Q is a symplectic vector bundle. Finally, notice that

it is a coisotropic embedding, as

dST Q̃
L
∣∣
T Q = dS L . (157)

��
Having established a constructive method for a regularized Lagrangian system, it is

natural to ask to what extent this regularization depends on the specific choices made
(i.e., the connection∇ and the almost-product structure P).While the global geometry
of the thickened space cannot be unique–since it heavily depends on these arbitrary
choices evaluated away from the zero section–its behavior infinitesimally close to the
original physical system is completely rigid. In mathematical terms, we can prove that
its first-order germ along the original manifoldT Q (that is, the regularized symplectic
form and the extended tangent structure evaluated exactly on the points of T Q) is
geometrically unique, provided the restricted tangent structures coincide.
To prove this, we first need a purely algebraic lemma regarding symplectic vector
spaces equipped with nilpotent endomorphisms (which act as local models for tangent
structures).

Lemma 3.24 Let (E, ω) be a symplectic vector space, equipped with a (1, 1)-tensor
J satisfying J 2 = 0 and ω(J x, y) = ω(J y, x) (which is equivalent to i J ω = 0). Let
L ⊂ E be a Lagrangian subspace such that J (L) ⊆ L. If there exists a complementary
subspace W such that E = L ⊕ W and J (W ) ⊆ W , then we can construct a new
complement A(W ) which is Lagrangian and remains invariant under J .



  125 Page 36 of 62 M. de León et al.

Proof Since L is a Lagrangian subspace, it is maximally isotropic, which means
dim L = 1

2 dim E and ω(l1, l2) = 0 for any l1, l2 ∈ L . Because W is a comple-
ment (E = L⊕W ), it immediately follows that dim W = dim E−dim L = 1

2 dim E .
Furthermore, the non-degeneracy of ω ensures that the map φ : L → W ∗ defined by
φ(l) := (ilω)|W is a linear isomorphism.

We define a deformation map A : W → L ⊕ W by adding a specific correction
term in L to every vector in W . Let lw := − 1

2φ
−1(iwω|W ) ∈ L , and define:

A(w) := w + lw . (158)

Notice that A is injective: if A(w) = 0, then w = −lw. Since w ∈ W and lw ∈ L , and
their intersection is trivial (L∩W = {0}), it must be thatw = 0. SinceA is an injective
linear map, the image subspace A(W ) has exactly the same dimension as W , namely
dimA(W ) = 1

2 dim E . Additionally, wemust ensure thatA(W ) is a valid complement
to L , meaning their intersection is trivial. Suppose a vector v = w+ lw ∈ A(W ) also
belongs to L . Since lw ∈ L , this implies w = v− lw ∈ L . However, since the original
sum E = L⊕W is direct, we have L ∩W = {0}, which forces w = 0. Consequently,
lw = 0, meaning the only vector in the intersection is the zero vector. Thus, A(W )

intersects L trivially and serves as a valid complementary subspace.
Next, we explicitly show that A(W ) is an isotropic subspace. Let w1, w2 ∈ W and

consider their images under A. Expanding the symplectic form using bilinearity, we
get:

ω(A(w1), A(w2)) = ω(w1 + lw1 , w2 + lw2)

= ω(w1, w2)+ ω(w1, lw2)+ ω(lw1, w2)+ ω(lw1 , lw2) .

(159)

The last term ω(lw1 , lw2) = 0, because L is isotropic.
By definition of the isomorphism φ, we have ω(lw1 , w2) = φ(lw1)(w2). Substituting
lw1 , we get φ

(− 1
2φ

−1(iw1ω)
)
(w2) = − 1

2 (iw1ω)(w2) = − 1
2ω(w1, w2).

With this in mind we get

ω(A(w1), A(w2)) = ω(w1, w2)− 1

2
ω(w1, w2)− 1

2
ω(w1, w2)+ 0 = 0 . (160)

Therefore,A(W ) is isotropic. Being an isotropic subspace with dimension exactly half
of dim E , A(W ) is Lagrangian.

Finally, we must ensure that A(W ) is invariant under J . Let w ∈ W . It will be
enough to show that J commutes with the correction term, i.e., J (lw) = l J (w), which
is equivalent to J (φ−1(w)) = φ−1(J (w)). Let l = φ−1(w), which by definitionmeans
ω(l, x) = ω(w, x) for all x ∈ W . Since W is invariant under J , the vector x = J (w′)
also belongs to W for any w′ ∈ W . Substituting this into our defining equation yields
ω(l, J (w′)) = ω(w, J (w′)). Using the symmetry of J with respect toω (i J ω = 0), we
canmove J to the first slot, obtaining−ω(J (l), w′) = −ω(J (w),w′). Since this holds
for all w′ ∈ W and the map φ is an isomorphism, it follows that J (l) = φ−1(J (w)),
concluding the proof. ��
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Remark 3.25 (The case of symplectic vector bundles) Notice that Lemma 3.24 applies
aswell to the case of symplectic vector bundles (E, ω) −→ M togetherwith a nilpotent
endomorphism J , an invariant Lagrangian subbundle L , and an invariant complement
W . Indeed, the construction presented is global and maintains smoothness.

Remark 3.26 Finally, notice that Lemma 3.24 requires the existence of a J -invariant
complement W . In the case of nilpotent endomorphisms, this may be built as follows.
Let W̃ be a complement of J (L) in J (E), so that J (E) = J (L)⊕ W̃ . Then, we can
define W := J−1(W̃ ), which clearly satisfies W̃ = J (W ) ⊆ W (J being nilpotent)
and E = L ⊕W . This holds as well in the case of symplectic vector bundles when J
and J |L have constant rank, which will certainly hold in our case.

Using this algebraic tool, we can now prove the uniqueness theorem for the Lagrangian
regularization.

Theorem 3.27 (Uniqueness of Lagrangian coisotropic embedding to first order)
Let (M̃1, ω̃1) and (M̃2, ω̃2) be two symplectic regularizations of the degenerate
Lagrangian system (T Q, ωL). Suppose that both regularizations admit a tangent
structure S̃i making the respective forms Lagrangian (i.e., i S̃i

ω̃i = 0), and that

the embeddings ii : T Q ↪→ M̃i preserve the tangent structure: (ii )∗ ◦ ST Q =
S̃i |T Q ◦ (ii )∗. Then, there exist tubular neighborhoods U1, U2 of T Q in M̃1 and
M̃2, respectively, together with a local diffeomorphism ψ : U1 → U2 restricting to
the identity on T Q, such that its pushforward provides an exact isomorphism of the
tangent-symplectic structures over T Q:

ψ∗(ω̃1, S̃1)
∣∣
T Q = (ω̃2, S̃2)

∣∣
T Q . (161)

Proof Let n+r = dim Q, where K = ker ωL is the characteristic distribution onT Q,
with rank 2r (because of the hypothesis that K is the tangent distribution to a rank
r distribution K˜ on Q). We can decompose the tangent space of T Q as T(T Q) =
K ⊕ W , where the complementary subbundle W must be chosen to be invariant
under the vertical endomorphism ST Q . Such a complement naturally arises from the
geometry of the tangent bundle: we can choose a distribution H˜ complementary to
K˜ on the base manifold Q (so that T Q = K˜ ⊕ H˜), and define W as its tangent
distribution. Since W is pointwise spanned by the complete lifts XC and vertical
lifts X V of vector fields X ∈ H˜ , the fundamental properties ST Q(XC ) = X V and
ST Q(X V ) = 0 intrinsically guarantee that ST Q(W ) ⊆ W . Furthermore, since K is
the kernel of ωL , the restriction of ωL to W is non-degenerate, making (W , ωL |W ) a
symplectic vector bundle of rank 2n.

Inside the tangent space of the thickened manifold T M̃i |T Q , we consider the sym-
plectic orthogonal to W , defined as W⊥,ω̃i = {v | ω̃i (v, W ) = 0}, which is again
a symplectic vector bundle. Crucially, W⊥,ω̃i is invariant under S̃i . Indeed, taking
v ∈ W⊥,ω̃i and testing it against W :

ω̃i (S̃i (v), W ) = ω̃i (S̃i (W ), v) = ω̃i (ST Q(W ), v) = 0 , (162)
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where we used the symmetry of S̃i , the hypothesis that the embedding preserves the
structure (S̃i |W = ST Q |W ), and the fact that ST Q preserves W .

By dimensional counting on the coisotropic embedding, dim M̃i = dim(T Q) +
dim K = (2n + 2r) + 2r = 2n + 4r , where 2n is the dimension of W . Since W
is symplectic, then dim M̃i = dim W + dim W⊥,ω̃i , implying dim W⊥,ω̃i = 4r .
By definition, K ⊂ W⊥,ω̃i is isotropic. Since dim K = 2r = 1

2 dim W⊥,ω̃i , K is a
Lagrangian subbundle of W⊥,ω̃i .

Applying Lemma 3.24 (together with Remark 3.25 and Remark 3.26) fiber-wise,
we can construct a J -invariant Lagrangian complement for K , allowing us to identify
W⊥,ω̃i ∼= K ⊕ K ∗. This provides a global, structure-preserving local isomorphism,
say ψ :

T M̃i
∣∣
T Q

∼= W ⊕ K ⊕ K ∗ . (163)

We can therefore choose local coordinates (xa, ẋa) for W , ( f A, ḟ A) for K , and fiber
coordinates (μA, μ̇A) for K ∗. In this universal adapted frame evaluated precisely on
T Q (where μA = 0, μ̇A = 0), any regularized symplectic form must locally read:

ω = ωL + dμA ∧ d f A + dμ̇A ∧ d ḟ A . (164)

It remains to show that the extension of the tangent structure S̃i is also uniquely
determined onT Q. Let Ŝ be an arbitrary (1, 1)-tensor extending ST Q . In our universal
adapted frame evaluated on T Q (where μA = 0, μ̇A = 0), the most general matrix
form for Ŝ that acts as ST Q on the base manifold is:

Ŝ =
(
dxa + Fa AdμA + Ḟa Adμ̇A

)
⊗ ∂

∂ ẋa
(165)

+
(
d f A + G ABdμB + Ġ ABdμ̇B

)
⊗ ∂

∂ ḟ A
(166)

+
(

H B
A dμB + Ḣ B

A dμ̇B

)
⊗ ∂

∂μA
(167)

+
(

I B
A dμB + İ B

A dμ̇B

)
⊗ ∂

∂μ̇A
. (168)

We must impose the Lagrangian condition i Ŝω = 0. Recall that the interior product
of a (1, 1)-tensor with a 2-form acts as (i Ŝω)(X , Y ) = ω(ŜX , Y )+ω(X , ŜY ), which
extends to wedge products as i Ŝ(α ∧ β) = (Ŝ∗α) ∧ β + α ∧ (Ŝ∗β). Applying the
pull-back Ŝ∗ to the basic 1-forms yields:

Ŝ∗(dxa) = 0 , (169)

Ŝ∗(d f A) = 0 , (170)

Ŝ∗(dẋa) = dxa + Fa AdμA + Ḟa Adμ̇A , (171)

Ŝ∗(d ḟ A) = d f A + G ABdμB + Ġ ABdμ̇B , (172)

Ŝ∗(dμA) = H B
A dμB + Ḣ B

A dμ̇B , (173)

Ŝ∗(dμ̇A) = I B
A dμB + İ B

A dμ̇B . (174)
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We now evaluate i Ŝ term by term on the symplectic form ω = ωL + dμA ∧ d f A +
dμ̇A ∧ d ḟ A. For the base form ωL , since its kernel is exactly K = span{ ∂

∂ f A , ∂

∂ ḟ A }, it
only contracts non-trivially with coordinates (x, ẋ). BecauseωL is already Lagrangian
with respect to the base tangent structure (iST Q ωL = 0), applying i Ŝ only extracts the
newly added transverse coefficients

i ŜωL =
(

Fa AdμA + Ḟa Adμ̇A

)
∧ i ∂

∂ ẋa
ωL . (175)

For the second term, applying the product rule and using Ŝ∗(d f A) = 0 one gets

i Ŝ(dμA ∧ d f A) =
(

H B
A dμB + Ḣ B

A dμ̇B

)
∧ d f A , (176)

whereas, for the third term one obtains

i Ŝ(dμ̇A∧d ḟ A) =
(

I B
A dμB + İ B

A dμ̇B

)
∧d ḟ A+dμ̇A∧

(
d f A + G ABdμB + Ġ ABdμ̇B

)
. (177)

Now, the form d ḟ A only appears in the third piece, multiplied by the I matrices. Since
it is linearly independent from all other forms, its coefficients must vanish, forcing
I B

A = 0 and İ B
A = 0.

Gathering the d f A wedges from the second and third pieces, we get(
H B

A dμB + Ḣ B
A dμ̇B + dμ̇A

) ∧ d f A = 0, forcing H B
A = 0 and Ḣ B

A = −δB
A .

The 1-forms i ∂
∂ ẋa

ωL are linear combinations of dxb. Since dxb do not appear anywhere

else in the expansion, the F matrices multiplying them must vanish, forcing Fa A = 0
and Ḟa A = 0.
We are left with only dμ̇A∧(G ABdμB+Ġ ABdμ̇B) = 0 from the third term. The linear
independence of dμ̇A∧dμB forcesG AB = 0. For the secondpart, Ġ ABdμ̇A∧dμ̇B = 0
implies that the matrix Ġ AB must be symmetric (Ġ AB = Ġ B A).
Finally, we impose the structural condition established by Lemma 3.24, namely that
the extended tangent structure must leave the dual Lagrangian complement invariant:
Ŝ(K ∗) ⊆ K ∗. The subspace K ∗ is generated by { ∂

∂μC
, ∂

∂μ̇C
}. Applying our simplified

tensor Ŝ to the basis vector ∂
∂μ̇C

, we obtain:

Ŝ

(
∂

∂μ̇C

)
= ĠC A ∂

∂ ḟ A
− ∂

∂μC
. (178)

For this resulting vector to remain within K ∗, it cannot possess any component along
∂

∂ ḟ A , which belongs to K . This geometrically forces the symmetric matrix ĠC A to be

strictly zero.
Thus, all unknown coefficients are strictly identically zero or uniquely fixed. Con-

sequently, there is only one algebraically permissible tensor Ŝ on T Q. Therefore,
the map ψ identifying the two universal splittings satisfies ψ∗ S̃1 = S̃2 along T Q,
concluding the proof. ��
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4 Regularization of non-autonomous systems

4.1 Cosymplectic Hamiltonian systems

While the natural geometric setting for autonomous Hamiltonian systems is that of
symplectic geometry, for non-autonomous systems it is that of cosymplectic geometry
(see [36, 37]).

Definition 4.1 (Cosymplectic manifold)A cosymplecticmanifold is a triple (M, ω, τ )

where M is a smoothmanifold of dimension 2n+1,ω ∈ �2(M) is a closed 2-form, and
τ ∈ �1(M) is a closed 1-form, satisfying the non-degeneracy condition τ ∧ ωn �= 0.

On every cosymplecticmanifold (M, ω, τ ) there is a unique vector fieldR ∈ X(M),
called the Reeb vector field, that satisfies iRω = 0 and iRτ = 1.

Theorem 4.2 (Darboux’s Theorem for cosymplecticmanifolds)The Darboux theorem
can be generalized to cosymplectic manifolds. Let (M, ω, τ ) be a cosymplectic man-
ifold of dimension 2n + 1. Around every point m ∈ M, there exist local coordinates
(qi , pi , t), called Darboux coordinates, such that:

ω = dqi ∧ dpi , τ = dt .

Definition 4.3 (Cosymplectic Hamiltonian system) A cosymplectic Hamiltonian
system is a tuple (M, ω, τ, H), where (M, ω, τ ) is a cosymplectic manifold and
H ∈ C∞(M) is a smooth function (the Hamiltonian).

Similar to the symplectic case, the isomorphism � guarantees the existence of a unique
vector field grad H ∈ X(M), the gradient vector field, satisfying:

�(grad H) = dH . (179)

To obtain the dynamics defined by the Hamiltonian (see [5]), we use grad H to define
two additional vector fields. First, the Hamiltonian vector field:

X H = grad H −R(H)R , (180)

and second, the evolution vector field:

EH = X H +R . (181)

InDarboux coordinates (qi , pi , t), using the local expression for grad H , the evolution
vector field takes the form:

EH = ∂ H

∂ pi

∂

∂qi
− ∂ H

∂qi

∂

∂ pi
+ ∂

∂t
. (182)
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The solutions of the non-autonomous Hamiltonian system are the integral curves
(qi (ε), pi (ε), t(ε)) of EH , satisfying the time-dependent Hamilton’s equations:

dqi

dε
= ∂ H

∂ pi
,

dpi

dε
= −∂ H

∂qi
,

dt

dε
= 1 . (183)

Since dt
dε = 1, we have t = ε+ const, allowing us to identify the curve parameter with

the time coordinate t and recover the standard non-autonomous Hamilton’s equations.
A particular case of high relevance is obtained by taking the product T∗ Q×R, where
T∗ Q denotes the cotangent bundle of the configuration manifold Q. Indeed, if we
denote by ω = −dθQ , where θQ is the Liouville 1-form on T∗ Q, then the pair (ω, dt)
defines a cosymplectic structure on T∗ Q × R, where here ω and dt are the obvious
extensions, t being the standard coordinate in R. A direct calculation shows that the
natural bundle coordinates (t, qi , pi ) are Darboux coordinates for this cosymplectic
manifold.

Remark 4.4 (Cosymplectic dynamics are Reeb dynamics) Assume that H is a Hamil-
tonian function on a cosymplectic manifold (M, ω, τ ). Then, we can construct an
additional cosymplectic structure depending on H , say

(ωH = ω + dH ∧ τ, τ ) .

Asimple computation shows that the evolution vector field for H with respect to (ω, τ)

coincides with the Reeb vector field for (ωH , τ ), E H = RH , so that nonautonomous
Hamiltonian dynamics may be studied as Reeb dynamics. This point of view will be
particularly useful in the Lagrangian setting.

The point of view of Remark 4.4 is the picture that we will adhere to onwards, as it is
the most natural setting to study the non-autonomous Lagrangian side (see [19, 35] for
a comprehensive account on the Lagrangian description of time-dependent mechanics
in terms of jet bundles, and [12, 13] for the singular case).

4.2 Coisotropic regularization of pre-cosymplectic Hamiltonian systems

In general, when working with singular time-dependent theories (such as time-
dependent Hamiltonian gauge theories and time-dependent singular Lagrangian
theories), we work on a pre-cosymplectic manifold rather than on a cosymplectic
one.

Definition 4.5 (Pre-cosymplectic Hamiltonian system) A pre-cosymplectic Hamil-
tonian system can be fundamentally understood through its Reeb dynamics (as per
Remark 4.4). Let (M, ω, τ ) be a pre-cosymplectic manifold. The dynamics are for-
mally governed by the equations:

iXω = 0 , and iXτ = 1 . (184)

As in the autonomous case, these equations pose two distinct problems:
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1. Existence: A vector field X satisfying both equations may not exist.
2. Uniqueness: If a solution X exists, it is not unique, as it is defined only up to the

addition of any vector field Y ∈ V := ker ω ∩ ker τ .

These two problems identify, again, two classes of pre-cosymplectic systems:

Inconsistent Hamiltonian Systems. A system is inconsistent if the existence condi-
tion fails. In this case, a cosymplectic generalization of the pre-symplectic constraint
algorithm [6] can be used to find the submanifold where consistent dynamics can be
defined.
The algorithm proceeds iteratively too. We define M0 := M and define the first
constraint manifold M1 as the locus of points where the equations are compatible with
tangency conditions:

M1 := {m ∈ M0 | ∃X ∈ Tm M0 with (iXω)m = 0 and τm(X) = 1} . (185)

Assuming M1 is a smooth submanifold, the algorithm imposes solutions of (184) on
M1 to be tangent to M1. Eventually, at each **step k ≥ 2**, one finds the submanifold
Mk ⊂ Mk−1:

Mk := {m ∈ Mk−1 | ∃X ∈ Tm Mk−1 with (iXω)m = 0 and τm(X) = 1} . (186)

As for the pre-symplectic case, if the algorithm stabilizes, we denote by ω f and τ f the
restrictions of ω and τ to M f . Then, (M f , ω f , τ f ) is a consistent pre-cosymplectic
manifold which has Reeb dynamics defined.

Consistent Hamiltonian Systems. A system is consistent if it admits global Reeb
dynamics. This corresponds to a system that either started consistent or is the result
(M f , ω f , τ f ) of applying the constraint algorithm.
As for the pre-symplectic case, the dynamics can still be modified by any vector
field Y taking values in the characteristic distribution V = ker ω f ∩ ker τ f and one
can regularize the system using a cosymplectic version of the coisotropic embedding
theorem [32].

Remark 4.6 (Construction of the cosymplectic thickening) Let V := ker ω ∩ ker τ .
Since it is the intersection of the kernels of two closed forms, it is integrable in the
sense of Frobenius. Let (xa, f A) denote adapted coordinates to the foliation. Since, by
construction, there is a Reeb vector field, we may further specify coordinates adapted
to the pair (ω, τ) obtaining coordinates (qa, pa, f A, t) such that

ω = dqa ∧ dpa , τ = dt . (187)

Then, the regularized structure is defined on the bundle V∗ → M , and is defined
in general using an almost-product structure complementing the distribution V. In
general, this will be defined by a projector

P = P A ⊗ ∂

∂ f A
=

(
d f A − P A

a dqa − P Aadpa − Q Adt
)
⊗ ∂

∂ f A
. (188)
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This projector, as in the symplectic case, induces an embedding

jP : V∗ → T∗ M , θ 
→ P∗θ . (189)

Then, if θM denotes the tautological 1-form on T∗ M , we define ϑ P := (jP )∗θM and
let

ω̃ = π∗ω + dϑ P , τ̃ = π∗τ , (190)

where π : V∗ → M denotes the projection. Locally, employing coordinates
(qa, pa, t, f A, μA) on V∗, this reads as

ω̃ = dqa ∧ dpa + dμA ∧ P A + μAdP A , τ̃ = dt . (191)

However, unlike the symplectic case, this embedding is not unique. Recently, the
authors studied all possible coisotropic embeddings, and uniqueness is guaranteed by
a choice of Reeb vector field tangent to the final constraint and the orbits of the Reeb
vector field on the extension. More particularly:

Theorem 4.7 (Uniqueness of pre-cosymplectic coisotropic embedding) [32] Let
(M, ω, τ ) be a pre-cosymplectic manifold of constant rank and i j : M ↪→ M̃ j be
coisotropic embeddings into cosymplectic manifolds (M̃ j , ω̃ j , τ̃ j ), for j = 1, 2. Then:

• There are neighborhoods U1 and U2 of M in M̃1 and M̃2 and a diffeomorphism
ψ : U1 → U2.

• Furthermore, if the Reeb vector fields R1 and R2 of M̃1 and M̃2 (which are tangent
to M) coincide on M, we have that the diffeomorphism ψ can be chosen such that
its pushforward

ψ∗ : T M̃1|M −→ T M̃2|M (192)

defines an isomorphism of cosymplectic vector bundles.
• Finally, if there is a diffeomorphism ψ0 : U1 → U2 that is the identity on M and

satisfies (ψ0)∗R1 = R2 (namely, both Reeb vector fields have the same orbits), ψ

can be chosen to be a cosymplectomorphism.

Remark 4.8 In short, coisotropic embeddings of a pre-cosymplecticmanifold (M, ω, τ )

(in particular, (M f , ω f , τ f )) are unique topologically. Furthermore, if in advance we
fix a Reeb vector field on M f , then the coisotropic embedding is unique "on M".
Finally, if the Reeb dynamics of both thickenings are conjugate, the embeddings are
neighborhood equivalent.

4.3 Coisotropic regularization of non-autonomous Lagrangian systems

Let π : Q→ R be a fiber bundle with standard fiber Q, which will denote the config-
uration manifold. As in the autonomous case, we first formally define the geometric
structures associated with any non-autonomous Lagrangian L ∈ C∞(J 1π).

Definition 4.9 (Second Order Differential Equation (SODE)) A vector field X ∈
X(J 1π) is a Second Order Differential Equation (SODE) field if it correctly relates
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the position, velocity, and time coordinates. In natural local coordinates (qi , q̇i , t), a
general SODE vector field takes the form:

X = ∂

∂t
+ q̇ i ∂

∂qi
+ Xi (q, q̇, t)

∂

∂q̇i
. (193)

Intrinsically, this condition is expressed by the two equations:

(dt)(X) = 1 , and S(X) = 0 , (194)

where S is the vertical endomorphism on J 1π (see Definition 2.24).

Definition 4.10 (Regular Non-autonomous Lagrangian system) A non-autonomous
Lagrangian system is a pair (Q, L), where L : J 1π → R. We define:

• The Poincaré-Cartan 1-form θL := Ldt + dS L = Ldt + iSdL , locally reading:

θL =
(

L − ∂L

∂q̇i
q̇ i

)
dt + ∂L

∂ q̇i
dqi . (195)

• The Lagrangian 2-form ωL := −dθL .

A system is regular if the pair (ωL , dt) defines a cosymplectic structure on J 1π . This

happens if and only if the Hessian matrix
(

Wi j = ∂2 L
∂q̇i ∂q̇ j

)
is non-singular. In this case,

the Euler-Lagrange equations correspond precisely to the unique Reeb dynamics of
the cosymplectic manifold (J 1π,ωL , dt).

The following theorem extends Theorem 3.11 to the cosymplectic context.

Theorem 4.11 (Characterization of Lagrangian 2-forms) Let π : Q −→ R be a fiber
bundle. Then, a 2-form ω ∈ �2(J 1π) is locally a Lagrangian 2-form if and only if the
following conditions hold:

• It is closed: dω = 0.
• It satisfies iSω = 0, where S is the vertical endomorphism (equivalently,

ω(S(X), Y ) = ω(S(Y ), X)).

Proof Let us introduce fibered coordinates onQ, which we denote by (qi , t). Since ω

is closed, it is locally exact so that

ω = d(A jdq j + B jdq̇ j + Cdt) . (196)

By computing iSω, and employing the same argument as in Theorem 3.11, we may
reduce it to the case where B j = 0, in which case the contraction reads as

∂ A j

∂q̇i

(
dqi − q̇idt

)
∧ dq j + ∂C

∂ q̇i

(
dqi − q̇idt

)
∧ dt . (197)



Regularization of singular time-dependent Lagrangian systems Page 45 of 62   125 

For this to vanish, two conditions need to hold:

∂ A j

∂q̇i
= ∂ Ai

∂q̇ j
and

∂ A j

∂q̇i
q̇ i + ∂C

∂ q̇ j
= 0 . (198)

The first condition implies the existence of L such that A j = ∂L
∂q̇, j . Rearranging

the second term, this implies that there is a function F = F(q, t) such that C =
L − ∂L

∂q̇i q̇ i + F . By making the change L̃ = L + F , we have that

ω = d

(
∂ L̃

∂q̇i
dqi +

(
L̃ − ∂ L̃

∂q̇i
q̇ i

)
dt

)
, (199)

so that it is Lagrangian. Necessity follows trivially. ��
Definition 4.12 (Degenerate Non-autonomous Lagrangian systems)Anon-autonomous
Lagrangian system (Q, L) is degenerate (or singular) if the pair (ωL , dt) is
pre-cosymplectic (i.e., the Hessian matrix Wi j is singular). A degenerate non-
autonomous Lagrangian system is precisely a pre-cosymplectic Hamiltonian system
(J 1π,ωL , dt), but one which carries the "extra" kinematic constraint that its physical
dynamics must be a SODE field.

As in the autonomous case, this pre-cosymplectic system (J 1π,ωL , dt) can be either
inconsistent or consistent.

Inconsistent non-autonomous Lagrangian systems. In the presence of an incon-
sistent system, we may initiate the analogue of the constraint algorithm in the
non-autonomous Lagrangian setting. This is obtained by requiring, at each step, the
following conditions. Set F0 = J 1π . Then, we iteratively define Fk+1 to be the set
of points m ∈ Fk (where Fk is assumed to be a submanifold) such that there exists a
tangent vector Xm ∈ Tm Fk satisfying

• Reeb condition: iXm ωL = 0 and (dt)(Xm) = 1.
• SODE condition: S(Xm) = 0.

As in the autonomous case, if the algorithm converges at a finite step, it finds a final
constraint manifold F f where the Lagrangian system becomes consistent, and which
is, in general, a subset of the Hamiltonian one, F f ⊆ M f . Now, (F f , ωL , dt) may
have gauge ambiguity, in which case we can select a product structure adapted to
V = ker ωL ∩ ker dt and apply the cosymplectic coisotropic embedding theorem to
remove the ambiguity in the equations. In general F f fails to be a jetmanifold (or,more
generally, to have a jet structure), so that there is little to no hope that the regularization
F̃ −→ F f inherits a jet structure making the regularized system Lagrangian.

Remark 4.13 A similar discussion applies to that of Remark 3.16. The geometric ver-
sion of the constraint algorithm for time-dependent Lagrangians was developed in [6],
generalizing the procedure presented, together with the SODE construction. The same
relation applies: In general, S f , namely the final submanifold of the non-autonomous
version of the constraint algorithm is a submanifold of F f .



  125 Page 46 of 62 M. de León et al.

Consistent non-autonomous Lagrangian systems. When in the presence of a con-
sistent Lagrangian L ∈ C∞(J 1π), where π : Q −→ R denotes the configuration
bundle, we have the existence of global Reeb dynamics which are of second-order,
namely we have that there exists X ∈ X(J 1π) satisfying

iXωL = 0 , (dt)(X) = 1 , and S(X) = 0 . (200)

However, if {0} �= ker ωL ∩ ker dt , the dynamics fails to be uniquely defined, yield-
ing gauge ambiguities. After applying the pre-cosymplectic coisotropic embedding
theorem, we obtain a cosymplectic manifold (M̃, ω̃, τ̃ ) in which (J 1π,ω, τ) embeds
as a coisotropic submanifold. Here we may wonder whether M̃ admits a jet struc-
ture in such a way that the cosymplectic manifold (M̃, ω̃, τ̃ ) arises from an extended
Lagrangian

L̃ : M̃ −→ R . (201)

More particularly, we are looking for:

• A fiber bundle π̃ : Q̃ −→ R, together with a fiber bundle embedding Q ↪→ Q̃.
Denote by S̃ the vertical endomorphism on J 1π̃ .

• ALagrangian L̃ : M̃ −→ R such that it restricts to the original Lagrangian L under
the previous inclusion.

• A diffeomorphism α : M̃ −→ J 1π̃ in such a way that the cosymplectic structure
(ω̃, τ̃ ) is precisely the cosymplectic structure obtained as follows

ω̃ = d
(
L̃dt + iα∗ S̃dL̃

)
, τ = dt . (202)

4.4 Existence and uniqueness of Lagrangian regularization

The objective of this section is to prove the existence of a non-autonomous Lagrangian
regularization, under some conditions on the gauge ambiguities of L . We also discuss
the matter of uniqueness, and although global uniqueness is not guaranteed, as a
plethora of Lagrangians may be considered, we prove that any tangent structure on a
particular cosymplectic regularization M̃ must be ‘isomorphic on M’ to the one we
build, given that the Reeb vector fields coincide. Namely, as in the autonomous case,
the first order germ of the extension is unique.
Themain assumption that we will make to endow the regularization with a Lagrangian
structure is that the characteristic distribution V = ker ωL ∩ ker dt on J 1π is the com-
plete lift of a vertical (completely integrable) distribution on π : Q → R. This may
be thought of as a time-dependent generalization of the case presented in Sect. 3.
That is, V = K˜C . Let Q have local fibered coordinates (t, xa, f A), where xa are
coordinates on the leaves of the regular foliation FK˜ induced by K˜, and f A parame-

terize the fibers (the distribution K˜). The first jet bundle J 1π has natural coordinates
(t, xa, f A, ẋa, ḟ A). Under this hypothesis, the characteristic distribution V is locally
spanned by:

span

{(
∂

∂ f A

)C

= ∂

∂ f A
,

(
∂

∂ f A

)V

= ∂

∂ ḟ
A

}
. (203)
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The cosymplectic thickening (M̃, ω̃, τ̃ ) is constructed as a neighborhood of the zero
section in the dual bundle V∗ → J 1π , as described in Remark 4.6. As in the
autonomous case, we assume this thickening coincides with the wholeV∗ by assuming
that an almost product structure P with a vanishing Nijenhuis tensor can be chosen.
On the other hand, the thickened space M̃ = V∗ can be identified as the cotangent
bundle of the foliation FV generated by V:
Proposition 4.14 The following canonical isomorphism exists:

M̃ = V∗ � T ∗FV :=
⊔

F∈FV

T∗ F , (204)

where F denotes a leaf of FV.

Proof The proof is completely analogous to the symplectic case presented in Sect. 3.3,
taking into account that the leaves F are exactly the maximal integral manifolds of
the characteristic distribution V. ��
The coordinates of M̃ are (t, xa, f A, ẋa, ḟ A, μ f A, μ ḟ A

), where (μ f A, μ ḟ A
) are the

fiber coordinates dual to the kernel generators { ∂
∂ f A , ∂

∂ ḟ
A }. We now define a new

extended configuration bundle π̃ : Q̃→ R. We identify Q̃ as the cotangent bundle of
the foliationFK˜ , denoted Q̃ := T ∗FK˜ ≡ K˜∗. The manifold Q̃ has local coordinates

(t, xa, f A, μA). The first jet bundle of this new space is J 1π̃ , with local coordinates
(t, xa, f A, μA, ẋa, ḟ A, μ̇A).

Remark 4.15 Again, as pointed out in Remark 3.19, we can work with an almost
product structure without vanishing Nijenhuis tensor, simply restricting to an open
subset to obtain regularity.

Proposition 4.16 (Tulczyjew isomorphism for jets) There exists a canonical isomor-
phism α that relates J 1π̃ to the thickened space M̃:

α : J 1π̃ → M̃ . (205)

Proof The proof is an immediate generalization of the theory presented in Sect. 2.2.
Let j1s μ ∈ J 1π̃ denote a jet, where μ : R → K˜∗ is a section, and XC ∈ X(J 1π)

denote a vector field tangent to V = K˜C , where X is a vertical vector field taking
values in K˜. Then, it is enough to define the pairing:

〈 j1s μ, XC 〉 := d

dt

∣∣∣∣
t=s
〈μ, X〉 . (206)

In local coordinates, the isomorphism reads exactly as in the autonomous case (42),
simply carrying the time coordinate t :

α(t, xa, f A, μA, ẋa, ḟ A, μ̇A) = (t, xa, f A, ẋa, ḟ A, μ f A = μ̇A, μ ḟ A
= μA) .

(207)
��
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Remark 4.17 As thoroughly discussed in Sect. 3.3 for the autonomous scenario, the
construction of the regularized 2-form ω̃ based solely on the choice of an almost-
product structure P on J 1π cannot be adapted so that ω̃ is a Lagrangian form with
respect to the canonical jet structure on J 1π̃ . There is a fundamental incompatibility
between the standard coisotropic approach and the SODE geometry, which carries
over identically to this time-dependent setting.

Therefore, to regularize the system, we will proceed exactly as introduced in the
pre-symplectic case. We construct the regularized cosymplectic 2-form ω̃ on J 1π̃ by
adding a correction term that is Lagrangian by construction. This term takes the form
−ddS̃ F , where F ∈ C∞(J 1π̃) is a globally defined smooth function. We then define
the extended Lagrangian as:

L̃ = L + F , (208)

so that we obtain a global Lagrangian cosymplectic structure (ω̃ = −ddS̃ L̃, τ = dt).
The definition of the function F , exactly as in the autonomous case, is not canonical
and depends on the choice of two specific ingredients:

• An Ehresmann connection ∇ on the bundle K˜∗ −→ Q (again given by a splitting
of the tangent bundle in vertical and horizontal vectors T K˜∗ = V⊕H∇ ) in such
a way that the splitting at Q is the canonical splitting

T K˜∗|Q = V⊕ TQ . (209)

• An almost product structure P on Q, which complements the distribution K˜.

Remark 4.18 (Coordinate expressions) Locally, we express the components of the
connection as

H∇ = span

{
∂

∂t
+ �A

∂

∂μA
,

∂

∂qi
+ �i A

∂

∂μA
,

∂

∂ f B
+ �B A

∂

∂μA

}
. (210)

The condition on ∇ inducing the canonical splitting at the zero section is reflected
on the �’s vanishing at Q (again identified via the zero section). And we express the
components of the almost product structure as

P = P A ⊗ ∂

∂ f A
=

(
d f A − Q Adt − P A

i dqi
)
⊗ ∂

∂ f A
. (211)

Generalizing the construction made in Sect. 3.3, consider the following diagram

(K˜C )∗ J 1π̃ V⊕H∇ = T K˜∗

J 1π TQ V

K˜ K˜∗

τ

α iπ̃

pV

iπ
P

, (212)
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where the map τ : (K˜C )∗ −→ J 1π is the canonical projection and the arrow V −→
K˜∗ is the usual identification of the vertical bundle with the fiber of a vector bundle.
Define the map

F P,∇ : J 1π̃ −→ R (213)

by
F P,∇(ξ) = 〈(P ◦ iπ ◦ τ ◦ α)(ξ), (pV ◦ iπ̃ )(ξ)〉 , (214)

where ξ ∈ J 1π̃ , and 〈·, ·〉 denotes the natural pairing between K˜ and K˜∗.

Remark 4.19 (Local expression of F P,∇ ) Using the coordinate components of ∇ and
P from Remark 4.18, we have that

F P,∇ =
(
μ̇A − �A − q̇i�i A − ḟ B�B A

)
·
(

ḟ A − Q A − q̇ j P A
j

)
. (215)

We then have the following:

Theorem 4.20 (Lagrangian coisotropic embedding) Let L : J 1π −→ R be a singular
Lagrangian, where π : Q −→ R denotes a configuration bundle. Suppose that L is
consistent and that the characteristic distribution K = ker ωL ∩ker dt is the complete
lift of a vertical distribution K˜ on Q. Then given an Ehresmann connection ∇ and an
almost product structure P as above the embedding

J 1π ↪→ (K˜C )∗ ∼= J 1π̃ (216)

is a coisotropic embedding on a neighborhood of J 1π for the cosymplectic structure
(ωL̃ , dt), where L̃ = L + F P,∇ .

Proof Follows with a similar discussion as in the symplectic case. We will first show
that T

(
J 1π̃

) ∣∣
J 1π

is a cosymplectic vector bundle, so that the pair (ω̃, dt) defines a
cosymplectic structure on some neighborhood of J 1π . Indeed

dS̃ L̃ =dS L + ḟ AdμA + μ̇Ad f A (217)

−
(
�i A( ḟ A − Q A − q̇ j P A

j )+ P A
i (μ̇A − �A − q̇i�i A − ḟ B�B A)

)
dqi

(218)

−
(
�B A( ḟ A − Q A − q̇ j P A

j )+ �A + q̇i�i A + ḟ B�B A

)
d f A (219)

− (Q A + q̇ j P A
j )dμA . (220)

So that

ddS̃ L̃ = ωL + d ḟ A ∧ dμA + dμ̇A ∧ d f A + (semi-basic terms) . (221)

Notice that the first three terms on the right hand side, together with the 1-form
dt , define a cosymplectic structure. Since adding semi-basic terms (with respect to



  125 Page 50 of 62 M. de León et al.

the projection onto Q) does not change regularity, we have that T
(
J 1π̃

) ∣∣
J 1π

is a
cosymplectic vector bundle. Finally, notice that it is a coisotropic embedding as, again,

dS̃ L
∣∣

J 1π
= dS L . (222)

��
Hence, we conclude the discussion of the existence of Lagrangian regularization in
the cosymplectic scenario. Again, we may ask about its uniqueness. A similar discus-
sion applies. However, we encounter one natural obstruction to uniqueness, which is
the arbitrariness of the Reeb vector field on J 1π . Indeed, recall (Theorem 4.7) that
uniqueness ’on J 1π ’ for the coisotropic embedding is guaranteed provided the Reeb
vector field is fixed. Nevertheless, once this is taken into account, we have that the
Lagrangian regularization is rigid to first order:

Theorem 4.21 (Uniqueness of Lagrangian coisotropic embedding to first order) Let
(M̃i , ω̃i , τ̃i ), be cosymplectic regularizations of (J 1π,ωL , dt), with i = 1, 2. Suppose
that M̃i is endowed with a jet structure (S̃i , τi ) in such a way that iS̃i

ω̃i = 0, and the
embedding

J 1π ↪→ M̃i (223)

preserves the jet structure. If the induced Reeb vector fields (which are tangent to J 1π )
coincide, there exist neighborhoods Ui of J 1π in M̃i and a diffeomorphism

ψ : U1 −→ U2 (224)

that is the identity on J 1π such that the induced map

ψ∗ : T M̃1
∣∣

J 1π
−→ T M̃2

∣∣
J 1π

(225)

preserves all tensors, namely ψ∗(ω̃1, τ̃1, S̃1) = (ω̃2, τ̃2, S̃2) on J 1π .

Proof Denote by V = ker ωL ∩ ker dt the characteristic distribution. Let R denote
the induced Reeb vector field on J 1π (by any of the embeddings), and let W be a
distribution on J 1π such that T J 1π = V⊕ span {R} ⊕ W and such that S(W ) ⊆ W
(this can be achieved by taking a complete lift). Then, (W , ωL) is a symplectic vector
bundle, and its (ω̃i , τ̃i )-orthogonal

W⊥,ω̃i ,̃τi := {v ∈ T M̃i : ivτ̃i = 0 and ω̃i (v, W ) = 0} (226)

is as well and satisfies S̃(W⊥,ω̃i ,̃τi ) ⊆ W⊥. Indeed, the first property is an elementary
consequence of symplectic linear algebra and the second follows by the compatibility
of S̃ with ω̃i , as we have

ω̃i

(
S̃(W⊥,ω̃i ,̃τi ), W

)
= ω̃i (S̃(W ), W⊥,ω̃i ,̃τi ) = ω̃i (S(W ), W⊥,ω̃i ,̃τi ) = 0 , (227)

since we are requiring S(W ) ⊆ W .
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Notice that, by construction, V ⊆ W⊥,ω̃i and V is isotropic. Let us show that it is
actually Lagrangian, by computing its dimension. Suppose dim J 1π = 2(n + r)+ 1,
where 2r is the rank of V. Then, since J 1π ↪→ M̃i is coisotropic,

2r = rank (T(J 1π)⊥,ω̃1 ,̃τi ) = dim M̃i − dim J 1π , (228)

we conclude dim M̃i = dim J 1π + 2r . Now, rank W = 2n, so that rank W⊥,ω̃i ,̃τi =
2n+ 4r − 2n = 4r . Finally, since rankV = 2r , we conclude that it is Lagrangian. By
usual techniques (see Lemma 3.24), we can build a vector bundle symplectomorphism

� : W⊥,ω̃i ,̃τi −→ V⊕ V∗ , (229)

so that we obtain the isomorphism

T M̃i
∣∣

J 1π
= span{R} ⊕ W ⊕ W⊥,ω̃i ,̃τi ∼= span{R} ⊕ W ⊕ V⊕ V∗ , (230)

and such that, by defining Ŝi = � ◦ S̃i ◦ �−1, we have Ŝi (V∗) ⊆ V∗. The previous
isomorphism of vector bundles is clearly the identity on T J 1π = span {R}⊕W ⊕V.
Now, since

span{R} ⊕ W ⊕ V⊕ V∗ = TV∗|J 1π , (231)

we may choose a neighborhood V of J 1π in V∗ (identified as the zero section) and
two diffeomorphisms ψi : Ui −→ V , where Ui are neighborhoods of J 1π in M̃i ,
and in such a way that it induces the isomorphism above. Clearly, the above iden-
tification makes (ψi )∗ an isomorphism of cosymplectic vector bundles over J 1π . It
only remains to show that it induces an isomorphism of jet structures as well. This
follows by employing the same technique as in Theorem 3.27: we will show that under
the previous construction, there exists a unique tensor Ŝ that satisfies the following
properties (all consequence of the construction presented):

• It is a jet structure: Ŝ2 = 0.
• It makes ω Lagrangian: iSω = 0.
• It extends the vertical endomorphism of J 1π , which we denote by S.
• It satisfies Ŝ(V∗) ⊆ V∗.

In particular (ψi )∗ S̃i = Ŝ, and the diffeomorphism ψ−1
2 ◦ ψ1 necessarily preserves

the jet structure on J 1π .

Indeed, by taking adapted coordinates (t, xa, f A, ẋa, ḟ A) on J 1π and coordinates
(μA, μ̇A) in the fibers of V∗, we have that the canonical form on V∗|J 1π reads as

ω = ωL + dμA ∧ d f A + dμ̇A ∧ d ḟ A−( ḟ AdμA + Q Adμ̇A) ∧ dt , (232)

where R = ∂
∂t + ẋa ∂

∂xa + ḟ A ∂
∂ f A + Ra ∂

∂ ẋa + Q A ∂

∂ ḟ A is the chosen Reeb vector field.

A general (1, 1) tensor Ŝ extending S = (dxa − ẋadt)⊗ ∂
∂ ẋa + (d f A − ḟ Adt)⊗ ∂

∂ ḟ A
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takes the following expression

Ŝ =
(
dxa − ẋadt + Fi AdμA + Ḟ i Adμ̇A

)
⊗ ∂

∂ ẋa
(233)

+
(
d f A − ḟ Adt + G ABdμB + Ġ ABdμ̇B

)
⊗ ∂

∂ ḟ A
(234)

+
(

H B
A dμB + Ḣ B

A dμ̇B + HAdt
)
⊗ ∂

∂μA
(235)

+
(

I B
A dμB + İ B

A dμ̇B + IAdt
)
⊗ ∂

∂μ̇A
. (236)

It follows by similar computations that the three properties above imply

Ŝ = (dxa − ẋadt)⊗ ∂

∂ ẋa
+ (d f A − ḟ Adt)⊗ ∂

∂ ḟ A
− dμ̇A ⊗ ∂

∂μA
. (237)

Finally, defining ψ := ψ−1
2 ◦ψ1, we have that it preserves the cosymplectic structure

by construction and that

ψ∗(S̃1) = (ψ−1
2 )∗

(
(ψ1)∗ S̃1

) = (ψ−1
2 )∗ Ŝ = S̃2 , (238)

which shows that it preserves the jet structure as well. ��

4.5 Examples

4.5.1 Trivialized bundles

Here we deal with configurations bundles π : Q −→ R which are trivialized, namely
that we choose a bundle isomorphismQ ∼= Q×R −→ R. Then, this splitting induces
a diffeomorphism J 1π ∼= T Q×R and, in particular, any Lagrangian L : J 1π −→ R
simply reads as a time-dependent Lagrangian

L : T Q × R −→ R. (239)

We study in this section how the (Lagrangian) regularization procedure behaves in the
trivialized case. First notice that, by definition, vertical and complete lifts correspond
to vertical and complete lifts on T Q after trivializing. The Poincaré–Cartan form still
reads (in natural coordinates (qi , q̇i , t)) as

θL =
(

L − ∂L

∂q̇i
q̇ i

)
dt + ∂L

∂q̇i
dqi . (240)

Remark 4.22 (Hypothesis on the characteristic distribution) Recall that to obtain a
Lagrangian regularization, we imposed the condition on the characteristic distribution

K := ker ωL ∩ ker dt (241)
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to be the complete lift of a vertical distribution on Q −→ R. This may be stated
using the trivialized bundle as follows. First notice that the characteristic distribution
K on the trivialized bundle T Q × R −→ R may be thought of as time-dependent
completely integrable distribution on T Q. Denote by Kt the distribution at time t .
Then, the condition on K to be the complete lift of a vertical distribution K˜t on
Q −→ R translates toKt being a complete lift of a completely integrable distribution
K˜t , for every t . Incidentally, K˜ is simply the gluing of all K˜t .

Now, if we are in the case above, we may wonder whether on the bundle K˜∗ −→
R we have a natural trivialization. This would be the case if the ‘time dependent’
distribution K˜t is constant but, otherwise, would fail to hold. We could also ask
whether, although K˜t is not constant, they are all isomorphic, in the sense that there
is a smooth family of diffeomorphisms

ψt : Q −→ Q , ψ0 = idQ (242)

such that K˜t = (ψt )∗(K0). This, again, does not hold in general, as the following
example shows:

Example 4.23 (Lagrangian on trivial bundle with non-constant characteristic distri-
bution)The following example, albeit artificial, shows the existence of time-dependent
Lagrangians on a trivialized bundle

L : T Q × R −→ R (243)

such that V = ker ωL ∩ ker dt = (K˜)C , for certain distribution K˜ on Q × R which
is not constant. Here, “not constant” means that there is not a time dependent family
of diffeomorphisms ψt : Q −→ Q such that ψ∗

t (K˜|Q×{t}) = K |Q×{0}, essentially
forcing the jet bundle point of view presented.
On S1, let

exp : R −→ S1 , t 
→ (cos t, sin t) (244)

denote the exponential and define It to be the image of the interval
[
− t2

1+t2
, t2

1+t2

]
under exp, namely

It := exp

([
− t2

1+ t2
,

t2

1+ t2

])
. (245)

We clearly have that It is diffeomorphic to the closed interval [0, 1] for t �= 0 and
only a point for t = 0. Define

Qt := (S1 × S1) \ (It × {p}) , (246)

for a fixed point p ∈ S1. Standard techniques of differential topology [40] show that
there is a family of embeddings

ψt : (S1 × S1) \ ({p} × {p}) −→ S1 × S1 , (247)
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that varies smoothly with t ∈ R and such that it defines a diffeomorphism with Qt ,
for each t . Define the following Lagrangian

L̃ : T
(
S1 × S1

)
−→ R , L̃(θ1, θ2, θ̇1, θ̇2) = (θ̇1)

2

2
, (248)

where (θ1, θ2) denote angular (local) coordinates on the torus, and (θ̇1, θ̇2) denote the
induced global coordinates on T(S1 × S1). Let Q := (S1 × S1)\({p} × {p}) and
define the following time-dependent Lagrangian:

L : T Q × R −→ R , L(v, t) := L̃((ψt )∗v) . (249)

Locally, after a change of coordinates, the previous Lagrangian is simply L̃ , but not
globally. Indeed, in t = 0, the characteristic distribution of L has precisely one non-
compact leaf. This no longer holds for t �= 0, which shows that the characteristic
distribution K˜ cannot be made constant after a global time dependent family of dif-
feomorphisms.

4.5.2 Degenerate metrics

Let us deal with the example of degenerate metrics. A canonical example of an
autonomous degenerate Lagrangian is that of a degenerate metric, namely a sym-
metric and positive semidefinite tensor g on a manifold M . Given such a tensor, we
may study its kinetic energy

L : T M −→ R , L(v) := 1

2
g(v, v) . (250)

In the nonautonomous realm we can generalize this in two ways:

• A degenerate metric on a manifold M , which is time dependent, say gt for t ∈ R
and study its time-dependent energy

L : T M × R −→ R , L(v, t) := 1

2
gt (v, v) . (251)

• Or, given a fiber bundle π : Q −→ R, to work with a (possibly degenerate) metric
g on Q, together with the energy

L : J 1π −→ R , L( j1t γ ) := g
(

γ∗
∂

∂t
, γ∗

∂

∂t

)
. (252)

The latter has the advantage of including the first as a particular case and, also, allowing
for potentials. Indeed, in general, and for fibered coordinates (qi , t) on Q, we have

g := gi jdqidq j + 2Aidtdqi − 2V dt2 . (253)
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Then, with natural coordinates (qi , q̇i , t) on J 1π , the Lagrangian reads as

L = 1

2
gi j q̇

i q̇ j + Ai q̇
i − V . (254)

This Lagrangian yields the equations for the movement of a charged (with charge 1)
particle on Q (the standard fiber) under an electric potential V and magnetic potential
Aidqi in a curved (by the metric gi j ) space. Let us study its regularity. First, notice
that its Poincaré–Cartan form is

θL = Ldt + dS L =
(
1

2
gi j q̇

i q̇ j + V

)
dt + (gi j q̇

j + Ai )dqi , (255)

so that

ωL = −dθL (256)

= gi jdqi ∧ dq̇ j − ∂gi j

∂qk
q̇ jdqk ∧ dqi − ∂ Ai

∂q j
dq j ∧ dqi (257)

−
(
d(
1

2
gi j q̇

j q̇ j + V )+
(

∂gi j

∂t
q̇i + ∂ Ai

∂t

)
dqi

)
∧ dt (258)

Hence, it is immediate to see that

Proposition 4.24 Let Qt = π−1(t) denote the fiber of π : Q −→ R and let gt denote
the restriction of g to Qt . Then, the Lagrangian L is regular if and only if each metric
gt is non-degenerate.

Now, let us study the consistency conditions when gt is not definite positive (so
that (ωL , dt) is no longer a cosymplectic manifold). Here, letting X denote a SODE
field

X = ∂

∂t
+ q̇ i ∂

∂qi
+ Xi ∂

∂ q̇i
(259)

and imposing iXωL = 0 we get the equations

−gi j X j =1

2

(
∂gi j

∂qk
+ ∂gkj

∂qi
− ∂gki

∂q j

)
q̇ j q̇k +

(
∂ Ai

∂q j
− ∂ A j

∂qi
+ ∂gi j

∂t

)
q̇ j (260)

+ ∂V

∂qi
+ ∂ Ai

∂t
. (261)

By applying the constraint algorithm, if the Lagrangian is degenerate (hence the met-
ric), we may contract on both sides by a vector W = W i ∂

∂qi taking values in the
characteristic distribution

Ct = {w ∈ T Qt : iwgt = 0} (262)
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to get the following consistency conditions:

0 =wi

2

(
∂gi j

∂qk
+ ∂gkj

∂qi
− ∂gki

∂q j

)
q̇ j q̇k + wi

(
∂ Ai

∂q j
− ∂ A j

∂qi
+ ∂gi j

∂t

)
q̇ j (263)

+ wi
(

∂V

∂qi
+ ∂ Ai

∂t

)
. (264)

This, in general, imposes new conditions that we need to investigate further. Never-
theless, it gives us sufficient and necessary conditions for L to be consistent. Indeed,
if the above equations are trivially satisfied, by taking derivatives with respect to q̇i

two times we obtain the following conditions on the metric:

wi
(

∂gi j

∂qk
+ ∂gkj

∂qi
− ∂gki

∂q j

)
= 0 (265)

wi
(

∂ Ai

∂q j
− ∂ A j

∂qi
+ ∂gi j

∂t

)
= 0 (266)

wi
(

∂V

∂qi
+ ∂ Ai

∂t

)
= 0 , (267)

for every W = wi ∂
∂qi taking values in the characteristic distribution.

Remark 4.25 (Geometric conditions for L to be consistent) Suppose that we choose a
trivialization Q = Q × R. Then, the metric g is specified by a choice of

• A time dependent metric on Q, which we denote by g.
• A time dependent 1-form on Q, which we denote by A.
• A time dependent potential V on Q, which we denote by V .

Denote by Ct the characteristic distribution on Q, for every t . Then, the previous
conditions read as

£W g = 0 , (268)

iW

(
∂g

∂t
− dA

)
= 0 , (269)

iW

(
dV + ∂ A

∂t

)
= 0 , (270)

for all W taking values in the characteristic distribution.

To deal with the issue of Lagrangian regularization, as discussed, we need to focus
on consistent Lagrangians, so that henceforth we assume the previous conditions to
hold. Then, we need to study when the characteristic distribution V = ker ωL ∩ ker dt
is the complete lift of a vertical integrable distribution on Q. If it were the case, it is
clear that the choice of the vertical distribution on Q would be the disjoint union of
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the characteristic distributions of each (Qt , gt )

K˜ =
⊔
t∈R

Ct , (271)

as we would need K˜v to be the vertical elements in V. Hence, we only need to find
conditions on Ct that, together with the above consistency conditions, guarantee that
V = K˜C .

Proposition 4.26 If the Lagrangian defined by the metric g is consistent, we have that
V = K˜C if and only if Ct is integrable and the 1-form A satisfies iCt dA = 0.

Proof If each distribution Ct (and hence K˜) is integrable, we can find adapted coor-
dinates (xa, f A, t) on Q in such a way that

Ct = span

{
∂

∂ f A

}
(272)

By definition, since Ct is the characteristic distribution, the metric g reads as

g = gabdxadxb + 2Adt − 2V dt2 , (273)

where A denotes a 1-form on each fiber. Since L is consistent (by applying Eq. (265)),
we have that gab only depends on xa , so that its Poincaré–Cartan form reads as

θL =
(
1

2
gabẋa ẋb + V

)
dt + gabẋadxb + A . (274)

Hence,

ωL = {terms that only depend on xa} − dA − ∂ A

∂t
∧ dt − dV ∧ dt (275)

Contracting by an arbitrary element in

K˜C = span

{
∂

∂ f A
,

∂

∂ ḟ A

}
(276)

and taking into account the compatibility condition of Eq. (267) we conclude the
result. ��

Remark 4.27 A different, but equivalent way of stating that Ct is an integrable distri-
bution and that £W gt = 0, if W ∈ �(Ct ), is to require the existence of an adapted,
torsionless connection ∇t to the metric gt , for every t . If such a connection can be
chosen for every t , it is not so complicated to show that it can be chosen so that ∇t

varies smoothly.
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Now, under the conditions of the above result, as we showed, the regularization
procedure recovers a Lagrangian system. Here, we may employ the existence of an
adapted connection to build the connection on the bundle

K˜∗ = span

{
∂

∂μA

}
−→ Q , (277)

but not so much with the product structure. In local, adapted coordinates to the char-
acteristic distribution C , an arbitrary connection ∇ (identified with its linear splitting
of the tangent bundle T M) takes the following local expression

T M = span

{
∂

∂ ẋa
,

∂

∂ ḟ A

}
⊕H∇ , (278)

where

H∇ = span

{
∂

∂xa
+ �c

ab ẋb ∂

∂ ẋ c
+

(
�A

abẋb + �A
a B ḟ B

) ∂

∂ ḟ A
,

∂

∂ f A

+
(
�C

AB ḟ B + �C
Aa ẋa

) ∂

∂ ḟ C

}
. (279)

Since ∇t (gt ) = 0, we also have ∇t (�(Ct )) ⊆ �(Ct ), so that, in particular, there
is an induced linear connection on the bundle K˜ −→ Q. In particular, it induces a
dual linear connection on K˜∗, which we denote by ∇∗. Identified as a splitting of the
tangent bundle, it reads as follows:

T K˜∗ = V⊕ span

{
∂

∂xa
− �C

a BμC
∂

∂μB
,

∂

∂ f A
− �C

ABμA
∂

∂μC

}
. (280)

Finally, given an almost product structure on Q, say

TQ = span

{
∂

∂ f A

}
⊕ span

{
∂

∂t
+ Q A ∂

∂ f A
,

∂

∂xa
+ P A

a
∂

∂ f A

}
, (281)

we obtain the regularized Lagrangian

L̃ = 1

2
gabẋa ẋb + Aa ẋa + AA ḟ A − V +

(
ḟ A − Q A − P A

a ẋa
)

(
μ̇A + ẋaμB�B

a A + ḟ BμC�C
B A

)
(282)

5 Conclusions and further work

In this paper, we have developed a method for regularizing singular time-dependent
Lagrangian systems. To do so, we first analysed in detail the method developed by
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A. Ibort and J. Marín-Solano [30] for singular time-independent Lagrangian sys-
tems, improving some of their results, namely explicitly constructing a global regular
Lagrangian with the auxiliary help of a connection rather than a Riemannian metric
in Theorem 3.23 and proving that the embedding is unique to first order in Theo-
rem 3.27. Since the basis of the construction was the coisotropic embedding theorem
in pre-symplectic manifolds, our method has been based on the coisotropic embed-
ding for pre-cosymplecticmanifolds, which yields the analogue of the previous results,
namely Theorem 4.20 and Theorem 4.21, respectively. The other key ingredients have
been the use of almost-product structures adapted to the singularity of the Lagrangian,
which facilitates the use of the constraints algorithm for singular Lagrangians; and the
use of Tulczyjew triples adapted to a foliation, which allows for the regularization to
inherit a natural tangent (or jet) structure.

This paper opens some new and interesting research lines that we aim to discuss in
coming papers:

• Extend the regularization problem for singular contact systems; a constraint algo-
rithm has been recently developed in [11].

• Extend the geometric approach to the inverse problem for implicit equations of
[46, 47] to time-dependent implicit differential equations.

• A main issue is the extension of the regularization problem for singular classical
field theories, due to the complexity of multisymplectic geometry. In such a case,
we should develop a covariant theory on the space of solutions [7, 8, 15].

• Other interesting research purposes are the following ones: the case when we have
symmetries for the Lagrangian function, or the regularization of the Hamilton–
Jacobi equation [14], and furthermore, the discretization of the original singular
Lagrangian and its relation with the regularized one.
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